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Abstract

Common literature about cosmological perturbation theory starts
with the harmonic decomposition of perturbations and goes a long way
deriving and explaining the perturbation equations.

In a Robertson-Walker universe, a different approach is to solve
Cartan’s equations of structure in a 3+1 split of spacetime and find
gauge invariant perturbation equations through straight calculation.
The applications shown include finding the sources for density fluctu-
ations as perturbations of entropy and anisotropic pressure.
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Introduction

1 Introduction

The General Theory of Relativity describes our universe based on Einstein’s
famous equations. But only few physically interesting exact solutions of Ein-
stein’s equations known, and these solutions, such as the Robertson-Walker
solution or the Schwarzschild solution, leave many questions unanswered:

Where do galaxies come from? The evolution of density fluctuations
might be able to explain the existence and formation of these structures,
so the question is: How does a small inhomogeneity in a nearly Robertson-
Walker universe evolve? Do primordial density fluctuations have the neces-
sary properties to create the universe we see today if they are expanded?

To answer these questions, one must find equations that describe how
physical quantities behave under slight displacements in spacetime, in other
words, how a perturbed system evolves with time.

In this paper, we will derive the perturbed Einstein equations for a
Robertson-Walker universe, which is homogeneous and isotropic. It de-
scribes what our universe looks like on large scales.!

Once we know the perturbed Einstein equations, we use the conservation
of the stress-energy tensor to find out how density contrast and velocities
evolve and what generates density fluctuations: The perturbations of entropy
and anisotropic pressure.

Appendix A shows how to manually calculate the exact solution of Fin-
stein’s equations for the Robertson-Walker metric.

Since existing literature on cosmological perturbation theory is not only
rare but also fairly complicated, we chose an approach to the subject which
simplifies calculations and sticks to the physics.

Demystifying the subject, we have included step by step calculations
rather than just stating the results. Where we left something without ex-
planation or proof, we referenced literature or assumed that the reader will
know how to deal with it out of context.

From this point of view, the paper on hand serves as an introduction
to cosmological perturbation theory which enables the reader to understand
where the perturbation equations come from and dive into the complete
treatment of cosmological perturbation theory, as compiled by Kodama and
Sasaki in [1].

Acknowledgements First and foremost, I want to express my thanks
to PD Dr. Markus Heusler, who not only got me to dig ever deeper into
the matter, but also provided me with excellent explanations and resources
when I was weary. I thank Prof. Dr. Daniel Wyler for appreciating the
subject and granting me to work on it with a real pro. Finally, I thank my
colleagues at the University of Ziirich, whithout whom I had quit studies
years ago.

' A complete description of the standard cosmological model is given in [4], chapter 1.



Preliminaries

2 Preliminaries

In the the late 1920s, Cartan figured he could package the 21 components of
the Riemann tensor R, g into only six curvature forms Qij, using amongst
other things the exterior derivative d to abbreviate calculations elegantly.
One major advantage of this cartan formalism is that often, terms cancel
out before they have to be calculated.?

In this section, we use this approach combined with the idea of split-
ting a spacetime manifold® into space parts and time parts, which simplifies
calculations even more, to arrive at expressions for Ricci and Einstein ten-
sor that will facilitate the derivation of the perturbation equations for a
homogeneous, isotropic universe.

2.1 341 Split Of Spacetime

A spacetime manifold (M, ¢) can be decomposed with a diffeomorphism
b: M — X xI,

where 3 is regarded as the space-part and I C R as the time-part of M.
More precisely,

Y= 07 (N x {t}) (1)

are three-dimensional manifolds, and

Yo = @7 ({a} x 1) (2)
are timelike curves. Imagine M to consist of Y-slices pierced with .-
curves. It is very natural, of course, to call this decomposition the 3+1 split
of spacetime.

Imagine the vector field 0;, pointing in the direction of v, at every point
p € Y;. This vector field can be decomposed into a part normal to ¥; and
a part that lies in X;:

O i=a-n+p. (3)
We call o the lapse function, n L ¥ is the normal vector to ¥y, 3 € ¥4
is called the shift vector. This is the first application of the 3+1 split of

spacetime. We are going to calculate many expressions applying the same
principle. The metric g, for example, can be splitted like

9=t @8 =002 6° + 6,0 @6

Note that in all following calculations, one must pay attention whether
Latin indices do not run from 0 to 3, but only from 1 to 3, since the time-part
of spacetime has been decomposed from the space-part.

2A good account of this idea and its implications is given in [2], chapter 14.5.

®Readers who are not familiar with fundamental notions of differential geometry (man-
ifolds, vector fields, curves, connections, and the like) may refer to chapters one to three
of [6], Robert Wald’s famous treatment of general relativity.



2.2 Cartan Formalism

Consider vector fields {e,} and one-forms {6}, orthonormal bases of
the tangent space T'(X) or the cotangent space T™(Y), respectively, defined
as follows:

1

o = n=— (815 - ﬁ) using (3) (4)
0° = a-dt (5)
€ = e (6)
¢ = @4 pdt. (7)

The bar over certain characters is used to mark them as elements of the
tangent space T'(X), or T*(X), respectively.
With direct calculation one verifies that

a fact we will use quite often.
With regard to a coordinate basis,

9(00.0)) = —0°(01)6° (0y) + 650" (01) 67 ()

= —a’+ 6 = —a’ + 55 (8)
g(0ne) = —6°(0,)0° (&) + 6;;0' () 6 (&)

= —a-adt(e)+6; (5 [07(&) + Fdi(e)])

= B (9)

Note that we made use of the fact that in our 341 split, eg L €; Vi:
Space and time stand normal to each other.
With (8) and (9), our metric becomes

g = [-a®+ B8] di* + 2Bidtda’ + gijdatda’
—a? + g;; (da' + B'dt) (da’ + pdt) . (10)

2.2 Cartan Formalism

The aim of this section is to calculate the Einstein tensor in terms of lapse
function a, shift vector 3 and metric §. We will use this result afterwards for
our formulation of cosmological perturbation theory, which will thus become
much easier to handle.

First, we note that curvature defines* differential forms Qi]«, called cur-
vature forms, like

R(X,Y)ej := Q' (X, Y)e;.

In components,

* According to [5], p. 68.



2.2 Cartan Formalism

R, = Q° (e5,¢€,). (11)
As will become clear using (19), the definition of A and the properties
of w;,
Qu =—-Q,.

It follows that

0% = UOAQAO = Qo= Q=0
Q% = Qo = Qi = .

Applying our 341 split, we get the components of the Ricci tensor with
time, time-space and space coordinates expressed in curvature forms:

Rog = Qilo(eiaeo)zgoi(eiaeo)
Roi = @ylej,er) = Q%(ej,e:)

RZ']‘ = Qoi(eo,ej)—l—Qki(ek,ei).

Let us look at how far we already get calculating the Einstein tensor.
The Ggg component is

1 1
Goo = Roo— 577001‘3 = Roo — 57700RAA

1 . 1 .
= Roo+ 3 (ROO + Rli) = Roo + 3 (UOARAO + UZARM)

1 1 1
= Roo— zRoo+ §Rn' =35 (Roo + Ri;)

2
1
= 5 (9%erco) + Q4o i) + Dfens )
1

and since eg does not appear in this or the Rg; equation anymore, and since
according to (4) e; = é€;, Goo and Rg; depend only on the curvature forms
that are defined on the tangent space T'(X):

Roi = Q%(ej.€) (13)
1
Gog = §Qki(ék,éi). (14)



2.2 Cartan Formalism

2.2.1 Cartan’s Equations Of Structure

The equations of structure give us a link between the curvature forms and
the so-called connection one-forms, and with a Cartan lemma we can replace
the connection one-forms with functions that have a direct expression in the
metric and the lapse function. This way, at the end we will have the Ricci
tensor and therefore also Einstein’s equations in terms of the metric, which
is what we are looking for.

We start with the first equation of structure® for the connection one-

forms w*, on a manifold (M, g), in an orthonormal basis®:

d6°® + O A 6 (15)
A9 + g N0+ AG = 0. (16)

They are zero because we are working in a background where the torsion is
zero.
In orthonormal bases,

Wuy = —Wuus

as [6] shows in chapter 3, and therefore

W' o= wij.

Evaluated on T'(X), (15) and (16) yield

(WA 0]y = 0 (17)
[d6" + &' A 0] = 0. (18)

A lemma from Cartan” applied to the first equation (17) leads to the
existence of functions K;; = K;; with

w0i|T(2) = —I(Z']‘OJ.
Equation (18) compared to (16) yields
Wl = &'

We can calculate the curvature forms with the second equation of struc-
ture®

®These equations are derived in [5], p. 68, for example.

A definition of connection one-forms and another derivation of these equations can be
found in the comprehensive chapter 3 of [6].

"Cartan’s lemma can be found in [5], p. 483.

8 A derivation of the second equation of structure can be found in [6], chapter 3.



2.2 Cartan Formalism

O = dwt, + wh AW, (19)

Note that d is the exterior derivative.
It is shown above that Q% = 0. We only have to calculate Q' and .

O ilrs)

And likewise

with D](ij = I(ij|sés :
We insert these results into the Gog equation (14) and Ro; equation (13)

and find

Ro;

N | —

N =N =N =N~ N = N =N =

[dwij + Wi A W’ + W' A woj] I7(z)

da'; + &'y A &%+ (—nMKASéS) A (=K ;0%
QL+ (—K,0°) A (K0

QO+ K K00 A6

QOZ'|T(E) = _D](ij A éj,
= ?Slx}jés.

"k, &)
_Q’j» + KX K46° A ét} (€x, &)

(Q’j) (€x, &)+ (I(’;I(ﬁés A ét) (€, éi)}

3
Z Rii+ K" Ky (0°erb'e; — OSeiOtek)]

Le=1

R+ KK (0581 - %) |

R+ K* Ky — K’“Z»Kik}

R+ KR K - K’“Z»Kik}

[R + [tr(K))? — tr(K?)] (20)

Q% (¢, &)
—D[(]‘S A és(é]‘,éi)
—vl[(jsél A és(é]‘,éi)
= 7 [ ¢s [ ¢s
—v]‘[x’]‘i + vi[x’]‘]‘
?J(@ — ?jlx’ji. (21)

As usual, tr denotes the trace of a matrix.



2.2 Cartan Formalism

2.2.2 Cartan’s Equations Of Structure Solved

To find Rgo and R;;, we have to solve the first equation of structure (15)
and (16). To find the wojs and w';s, we first write the connection one-forms
in the 3+1 split:

wh = WH (e0)8° + wh (e;)6".

With our bases defined in (4) and the last section, we have

W% = W(e0)f” + w’(&) 9
S —
K
= —I(ijei + woj(eo)OO (22)
W= whi(eo)d? + W' (&)0°

, , 1
— i 00 i (> 0k - k00
e ) |6 4+ 2
, 1. ,
= o'+ [awlj(ﬂ) + wlj(eo)] 6°. (23)
Inserting (22) into the first equation of structure (15) yields
0 le
w ]«(60) = Evja,
and with (22),
1
woj = —I(Z']‘OZ + EV]‘OA

Remains to find the wijs. To calculate these, we need df'. We define

note that d = d + dt A 0y, and find

o' = dO'+ dt AO0 +dB AdL+0
-1 5 L0 i ai Jat

Inserting these df's and (23) into the first equation of structure leads to

1 : 1 .
I(ij + wij(eo) + —@ij(ﬁ) 6’ AG°0 = —CZ']‘—OJ A 6°
(8% (8%
+ ldﬁf N0+ W5 A (6 —67)
(8% g
he

—
LDpingo



2.2 Cartan Formalism

—
wij(€0) + I(ij = - [ﬁﬂ] Cij wl](ﬁ)] )

where we used |; as V;. With the useful notation w;; := H(wij +wji) and

Wi 1= %(wij — wj;) we can write the previous equation as

K; ;=

1By — i) (24)

[Britg — et — @i (B)] - (25)

D=2+

wij(eo) =

Now that we have found the connection one-forms w;;, we are able to
calculate the remaining ons and the d#'s using the equations of structure
and the K;;s. Since only the rearranging of the evolving terms is rather
complex and there is nothing new to the calculation we have already made
above, we only state the results here:

Ry = —Aa +— (at Lg) tr(K) - tr(K 2)
_ 92 _ _
R = RA4[tr(K)? +tr(K?) — —Aa -~ (at Lg) tr(K)
— 7S T S 17 . l VAW l T 117
Rij = Rij+ KKy — 2K Koy — —ViVja - — ([0 - L3]K)

where Lg is the Lie-derivative.?

°The Lie-derivative is defined in [5], p. 23, for example.
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3 Perturbation Equations

This chapter contains the derivation of the perturbed Einstein equations for
the Robertson-Walker universe. To compose these, we first calculate the
left side of the equation, consisting of the perturbed Ricci tensor and the
perturbed Ricci scalar. Afterwards, the perturbation of the right side of
Einstein’s equations will be found rather easily. We pay special attention
to gauge invariance, since all terms appearing after a gauge transformation
have the potential of being unphysical.'®

3.1 General Assumptions And Perturbed Metric

In the last section, we have calculated all quantities necessary to compose
the Finstein tensor G/, in the 3+1 formalism. We will use the 3+1 idea
also to deal with perturbations.

At the heart of our calculations lies the assumption that our universe
is homogeneous and isotropic on large scales and can be described with
theories where distances are measured according to the Robertson-Walker
metric, which looks like

g=—a(t)’ [dt® = Vijawides | (26)

in its most general form. This corresponds to a 3+1 split, where the v;;
metric lives on the X spaces defined in the first section, three-dimensional
spaces with constant curvature. To factor out a(t)?, we have to write this
equation in the conformal time ¢ (usally denoted 7, but we will stick to ¢
because it makes the following equations a little more familiar). Remember
that we can write the line element

ds? = g dxtdz”
= —dt* + a(t)*do?
= _a(t)z(nz - dO-Q)v

where n := % is the conformal time. Appendix A contains the derivation of
Einstein’s equations in this metric.

Of course, there are other metrics that describe our universe well on big
scales. But the crucial advantage of using the Robertson-Walker metric is
the fact that we are then calculating on a sphere and we can look up in a
handbook of mathematics that for every sphere, there exists a basis Y{;y of
the harmonic functions of the sphere. This means that

(AD) 4+ k%)Y, = 0. (27)

One uses the terms scalar perturbations, vector perturbations and tensor
perturbations to distinguish perturbations according to their behavior under

198ee [1], p. 3 and p. 40 for more on problems associated with gauge transformations
and a complete account of useful gauges in cosmological perturbation theory.
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coordinate transformations. In this paper, we are only looking at density
fluctuations, this means we will only have to look at scalar perturbations,
since the perturbation equations decouple.

What will perturbations of scalar, vector and tensor quantities look like,
given that Y{;) is a basis of the harmonic functions of the sphere we are
working on? There is an immediate answer to this question: Perturba-
tions of scalar quantities can be developed in terms of Y, perturbations

of vectors in VgW)Y(k) and perturbations of tensors over T(X) in Y - v;; or
VEW)V;W)Y(JC)-H
Therefore, scalar perturbations of the Roberton-Walker metric are pa-
rameterized by four functions, which are historically called ¢,, B, and F.
Throughout the paper, § without indices denotes perturbed quantities,
e.g. the metric is written as

d@ + &g . (28)
~~ ~~
0th order 1st order

The coefficients of (26) are

g:

9 = —d (29)
9 =0 (30)
!JZ(JQ) = a’v. (31)

With the parameterization by ¢,1, B, and F, we make the following
Ansatz:

bgu = —24d°¢ (32)
69 = —a*V.B (33)
(592']‘ = —2d? [lb%'j — VZ'V]‘E] . (34)

Then, the most general scalar perturbation of the metric is

89 = a® [-20dt* — 2V,;Bdz'dz' — (2¢y;; — V;V,E)da'da’] . (35)

We wrote V; instead of VEO), and A instead of A® - we remember that we
are working on the Ys in what follows.

Now, (10)is g = ¢(® +6g in the 3+1 formulation. From there, it follows,
that

g = —92 (36)
g = B (37)

1A mathematical proof of this can be found in [1], p. 139.




3.2 Gauge Transformations Of (0,2) Tensors

Because (and that is an idea we will use frequently), according to (28), we
must treat 6 like a derivation, meaning

g = ¢V +ég
= Ju = gﬁf) + g1
—o? = —(a9 4+ ba)?

= (a9)? - 20060 4 (6)?,
we get through comparison (leaving out the (6a)? to first order)

gy = —2ada,

so we must have % = ¢, because of our Ansatz (32).
The perturbations of the inverse metric are easy to calculate with

§g" = _g(o)ﬂgg(o)ypégUm (38)

which yields to first order, after insertion of the inverse values of (29)
and following equations:

2
o _
. 1 ..
sgtt = —;’y”ViB
N 9 N N
§g' = _Q{QWJ_E'”}. (39)
a

We denoted ViV7 by 17,

3.2 Gauge Transformations Of (0,2) Tensors

In this context, a gauge transformation equals a coordinate transformation
of the perturbed first-order quantities.'? To first order, it suffices to consider
infinitesimal coordinate transformations. The simplest infinitesimal coordi-
nate transformation is to add a vector to each point in X, which can be
realized by adding a vectorfield X*#,

at —— ot + X,

and we imagine this added vector field to perturb the considered system, so
we write

et — at + bat. (40)

How does the perturbation of a tensor generally transform under an
infinitesimal coordinate transformation caused by a vector field? Consider
a (0,2) tensor

12[6] provides good background on p. 438.
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T=T,,dz"dz",

the perturbation of which looks like (remember that we have to treat ¢ like
a derivation)

0T = 6(T,datdz”)
Ty obx’datda” + T,,d(62°7) @ da¥ + Tyodat @ d(627)
(TWJXU + 15, X5, + TMX,CL) dz*dz”
= LxT-da"da”,
where we used d(627) = X dz". By definition, LxT is the Lie derivative
of T regarding X'3. So the perturbation of a (0,2) tensor T transforms like
6T — 86T + LxT (41)
under a gauge transformation. Applied to our metric ¢, which is also a (0, 2)
tensor, we get
(69);“/ — (69;“/) + ng;w,cr + Xigcw + Xflr/gucr- (42)
For our metric (26), the components of the Lie derivative are
(Lx9)ij = X'gije+ XFgije + X°i05+ X°0:5 (43)
N——

a2vk’y”:0 a2['7isV]XS+’V]sviXS]

which yields for the 3+1 formulation

(Lxg)y = thtt,t + a [es VX + 745 Vi X ]
= X'gu:+ 2a%y;0, X"
— X' 2a4 — 242 X*

- 242 {Xf - HXt} (44)
(Lxgu = —a*[X7; — %] (45)
(Lxg9)ij = 2d° {H%J‘Xt + VS(Z'X,‘})] : (46)

where 2 := H, as usual in cosmology.

It is not hard to imagine that for scalar perturbations there must exist
functions T and L such that

X'=T, X':=4YL;.

In this case we write the Lie derivatives of the metric like

13Refer [5], p. 23, for a general definition.



3.3 Gauge Invariant Bardeen Potentials

(LXg)tt =
(Lxg)i =

(Lxg)ij =

—2a* {T + HT} = —2a[aT]

—a? {T—L’} |

3

2a*[vi;HT + V,;V,1L].

We can determine how our potentials ¢, 1, F/, and B from the previous

section transform under gauge transformations:

09t
= —2a%¢
09t
— —LZZB“
09i;

— —24° [y — ViV, E]

— bgu+ (Lx9)u
— —24? {¢+T+HT]
— gt + (Lxg)ti

B {B+T—L}

|2
— bgij + (Lx9)ij
—  —2a*[(¢ = HT)yi; — ViVi(E + L)].

Therefore, the four potentials transform like

b e e

.t {T n HT} (47)
. G- HT (48)
— B+ |r-1 (49)
. E+L (50)

3.3 Gauge Invariant Bardeen Potentials

With the four potentials ¢, ¢, B, and F and the two gauge freedoms T and L,
one can find two gauge invariant potentials, which of course are not unique.
The simplest two gauge invariant potentials are the Bardeen potentials ®

and U:

¢

Ry

= - % (i + B)| (51)

= ¢+%[E+B]. (52)

These gauge invariant potentials are crucial to cosmological perturbation
theory. We will use them to find gauge invariant quantities of matter.

Two short calculations show that the Bardeen potentials are really gauge
invariant. Using equations (47) to (50) in the Bardeen potentials, we have

1

¢—E[a(E+B)] — qb—l—T—l—%T—%{a (E+L+B+T—L)]'
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_ ¢+T+9T—1P(E+L+B+T—Q
a a
+a(E+E+B+T—i)]

- ¢+T+9T—9(E+B+T)

a a

—(E+B)-T
= (b—é{@(E-l-B)]
== ¢ —

¢+%{E+B] — ¢—HT+%[E+L+B+T—L
= ¢—9T+9[E+B}+9T
a a a
= v — V.

3.3.1 The Longitudinal Gauge F = B =0

If we use our gauge freedoms T and L and define them like

L:=-E, T:=-FE-B, (53)
we see from (49) and (50) that

EF—0, B — 0.

Obviously, in this case we can set ¥ = 0 and B = 0, because they will
be zero after the gauge transformation anyway - but then we have chosen a
gauge: We have lost our gauge freedoms L and T, defining them as above.
This is called the longitudinal gauge. It will make our calculations much
easier that we can drop some terms in the égs, when we are calculating the
perturbations of 6G*, in the longitudinal gauge (see (32) to (34)). And the
result will immediately be gauge invariant, because in this gauge

® = (blongitudinal’ V= ¢longitudinal' (54)

Of course, there are many other gauges fit to other needs.'

3.4 Perturbations Of The Einstein Tensor

This section will provide the 6G*, equations, the left side of the perturbed
Finstein equation. Analogous to (28), we write

G =GO 146,

We are now choosing the longitudinal gauge defined in the previous sec-
tion. In this gauge, the perturbations of the metric are

18ee [1], p. 40 and following pages for an overview of useful gauges and their applica-
tions.



3.4 Perturbations Of The Einstein Tensor

0gy = —2@2¢
0g; = 0
bgij = 20%[yy) =~ 20,

which we get from the §¢gs within our Ansatz (32) to (34) with £/ = B = 0.
We do not have to worry about gauges, since our results will by themselves
be gauge invariant according to (54).

From the 341 split, we know that a metric g has the general form (10):

g = [—a® + 3'B;] dt* + 2B:dtda’ + gijda'da’ .

Working with the Robertson-Walker metric (26), we know there are no
off-diagonal terms ¢y, so the #s must be zero (which is in accordance with
our notion that time stands normal to the ¥s: the shift vector on ¥ vanishes).
So we are actually working with a metric of the form

g = —a’dt® + g;jdx'da’. (55)

From now on we leave out the bar that distinguished quantities on X -
otherwise, we would have had g;; in the previous equation.
Looking at (29), we have

(a7 =g = —a* = ol =,
and with ¢ = 2%,

ba = ag. (56)

We raise the first index in the equations for Einstein tensor, Ricci tensor
and Ricci scalar, found in the 341 formalism, and have the equations we
start with:

Gt = —%R(g) + % [1(@1(@. - K@K@] (57)
Gl = é (Vi = VK (58)
R, = R(9)+ KK —2K' K* - é ViVia+g K] (59)

R = R(g)+ KK+ K' K’ - % Aot K2 (60)

Our task is now to calculate the perturbations of every single term, which
means we have to calculate the perturbations of the K;;s and the R;;s on X.
Then, we can compose the perturbations of (57) to (60) and we are finished
with the perturbations of the left side of Einstein’s equations.
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3.4.1 Perturbation Of K;;

We only have given and we only need the Robertson-Walker metric to calcu-
late the Einstein tensor, and since (& is composed of the K;s, we can express
the K;;s in terms of the metric.

We make use of the so-called 0th equation of structure® (remember Car-
tan’s equations of structure from the preliminaries, this is another one that
is quite similar):

15(

dgix = wik + Wi (61)

On the left side, we have the total differential of g, and since the metric is
only dependent on time,

[0]
dgir = girdt = gix—,
(84

with (4). Now we calculate

00
Gik— = Wik + Wk
(8%
1.
= —Gir°(e0) = wir(eo) + wrileo)
(8% N —
1
= —Kg+ — [Bipp — cir — @i(5))]
—Kpi + = [Bepi — cri — i B)]
= 2K;
iy = 20&9”'

Here, we used a lot of facts we ran across before: (24) and (25), d(df') =
d(dz') = 0 => ¢;; = 0, and we remembered that we are working in the
longitudinal gauge, where there must not exist any fs in metric g (55), so

the w(B)s and ;s are zero.
(0)

Since g,;” = a?v;;, we have

0

99 = 20,y = 2Ha’y;; = 2H )

iy

It follows to 0th order

— K = —éﬂg(o). (63)

In the longitudinal gauge,

15 This equation is derived in [5], p. 62 and following pages.
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8gi; = [-2a°¢y]
= —2-2aati; — 2a%;
= 24 — 249
= —2g2Hg) - 24g.)
= 20 [d+2m),

and therefore, because the perturbation of K;; is the first order term of (62)

expanded around I(Z»(]Q):
. 1 (o 1
(5[/2“ = -6 —_— S —§ i3
bij (204) \g”, 2a 9ii
_ Sa 2H953)
2(04(0))2
N L (O B O NP
= oo | 2o+ 20 (0 200)
—~—
¢

= O [t 2],

We use this result and g = ¢(©) + é¢ to calculate

(5[(% = ¢ (g”](lj)
= (5‘(]”[(1]‘ + g”(ﬁ[(l]‘
= 69” {I(I(JQ) + (5[(1]} + {g(o)” + 69”} 0Ky
2 aly 1 _al o J
= ——le’)/ —Hg,j + =7 ~Y5; {H¢‘|‘¢‘|‘2H¢
a a a a
L _a (o ’
= ﬁ'y gl(]‘) {H¢+¢}
1 2.4l J
= atylyy [+ ]
1. .
= = {qu + qp} .
Notice that we can leave out all 6...-6... terms since they would not

yield something not to first order anymore. The calculation for § K% is
almost the same. Consolidated, we find for the perturbations of K;:

§Ki; = 295}9) {qu NI 2H¢} (64)
K. = 25@ 16+ ) (65)

SKU = ég@m’ {qu 4o — 2H¢} : (66)
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Looking at (57) to (60), we also need the perturbations of the KssKijs

and the K' K?s:

(K K';) = 6K°K';+ K°8K",
= Ok KO onT | 4 KO 4 ek ] 0K

= §K°¢"K

(0)

Iy

+ gssz,g(;)u(g

— K7 {g(o)“—l—ég”} KO 4 {g(o)sk_l_égsk} ](](i)éKij

1 1,1
= S0 (Ho+b—y"—H gl
a a a

a?

I

N~
a2'7l]

L el © L ;
e aﬂ%aéj(ﬂ(b—l_lb)

a2'7ks

- —2H (H<b—|— ¢) 816 + 6]

343

= —i—fj (H¢+ ¢) 5.

A similar calculation for K* K gives almost the same result. We have

S(K°K")

§(K',K%)

()

—i—f(ﬂ%a&)

The necessary derivations of the Oth order terms are seen to be

K] -

K0 =

L]

3

a

(g(o)u + 69“)1(1(29)} .

1 41a ,

- 27 aaa 7[2:|

i)

and the 1st order terms become in the same manner

K.

K3

6K =06 (g k)

Q|| W

|
|

(1 = H*)o+ H(—b) + 0|

(H + )6+ H($+30) + ] 6.

(70)

(71)

(72)
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From (69) and (70), we get directly,

.\ @
(lKQ)
(8%

1. . \© 1 . b

%(HQ —H) (73)

The perturbation of the first equation is, if we consider the last few equa-
tions,

(0) (0) (0)
6 (llx ) = (lf(@) + (151’(@)
(8% (8% a
(0)
- - (10) ‘5; KOy (251;)
(8%
= 143 {HQ oy
a a
1371 . ) .
+ 2 [ = Ho+ H(S =) + )
= Sl -mles - me v HG- )+

S \© . S
— o (2i0) = Dl - e+ - )+ ).

and the perturbation of the second equation is analogous. This yields

6 (éfx) - S pu-mernG-h+d )

.\ . S
s(favks) = Ll mernGEh+i] @)

Finally, we need the covariant derivative of K;; in Oth and 1st order.
But this is not so complicated as it may seem, because from (62), we get

[(Z»(]Q) = —Eﬁaz’yij‘ = kafi(]o) =0,
and therefore, to first order,
6 (Vi) = ViKY,

- v]% (H¢+¢) 5, = V% (H¢+ ¢). (77)

These are all necessary perturbations in K’;; to compose the perturbation
of the Einstein tensor, once we know the perturbations of the Ricci tensor -
and this will be our next aim.
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3.4.2 Perturbation Of R;;

We borrow the following equation:'®

0), (0 -
RO()) = 207,;. (78)
With the following idea, we can calculate the 1st order quantities rather
elegantly: A conformal transformation is a transformation where
0 0 ~
g — 0% =G (79)

7

Conformal transformations!” conceive the casual structure, and it is gen-

erally true that

RO — Ry = RY -vOVO(1n0) - ¢OAO (1)

g g i J g

HV Q) (VOmQ) - ¢! D(vOme)?.  (80)

With Q := 1 — 1, we consider the conformal transformation

gij = (1 - ¢)29$)7 (81)
).

and expand g;; around 9;;

Gi =9 =209V 4. (82)

but with (34) in the longitudinal gauge,

)

+ 69 :g§f)—2¢g§f)+..., (83)

So gi; and g;; are identical to 1st order. It follows immediately that

— 40
bi5 = 955

= 0

R = Ri] +o0R;;+...= Ry (84)

to 1st order. So we find 6 R;; as the 1st order term of the expansion of Eij

around RE?) . With

InQ = In(1— 1) = —1p + O(¥?),

we find according to (80):

Ry = RY+(vOVY 1 0n) 1 0(4?)

]

= 0R;; = (ViV;+7;A). (85)

%From [2], p. 721. It can be applied here because we restricted ourselves to the
homogeneous, isotropic universe, and the Latin indices indicate we are working only in
three dimensions.

17The necessary background about conformal transformations and the idea we use here
are contained in [6], appendix D.
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This is everything we need to calculate the perturbation of the Ricci

scalar R(g) in the right side of (60):

6R = O6(RY;)=5(g7Ryj)
- 6g”(R(0)” 1 6R;) +( O 4 6978 R

1
_ _¢7 JQA%J _|_ (V Vi +7iA) ¢

4 : 1 g :
s a —— N
3 A 3

_ %p (3K + A). (86)

Do not confuse R(g) with the left side of (60), we only left the bars out.
With the same kind of calculation, the perturbation of 6Rij is

; 1 - ; ;
OR'; = —0 (4K + A)6'; + V'V,] . (87)

Now we have got all necessary quantities to compose (57) to (60). Keep
in mind that we are working in metric (55), and that we must not consider
products of perturbed quantities, since two 1st order terms multiplied yield
something in 2nd order.

1 1 P <Nl
Gl = —gRlg)+ 5 KK - K] (50)
1 1 _ g il 1 2
GES) _ _29( )lngTon) + 5 |:g(0)zl]x/l(]o)g(0)]l]x/l(Z,O) _ (g(o) l]xl(io)) :| (88)
11
= ——=v"2K v,
2 T
L1 ala o 1 jla , Loaldn
5 a27 aa a1y 27 __a Yy — __27 __a i
1 NI L 2gi
_ __6ll](_|____|__— a— (SZ (5] - —a (6Zi)2
a2 2 a2 a? \],_/ a?
—— N~
2 51 H?
3. 2
= — (K +H? (5

a

G, = 6 (—%R(g) + % KK, - KQK@D
- —léR n 15 (K?Kf) - %5 (KQK@)
v 6H

= S BE AW+ [—— (H¢+¢)]
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1 6H
nE—y
H H .
= DK b Ay S (o4 )+ o (64 )
- %{ H(H¢+ 1) — (3K+A)¢] (90)
1 . .
Gt = E(lefji—vi](]j) (58)
GO = L (o vgo®) <o o1

0, because V;(functions of a,v;;) =0

5(GY) = 6 (é (V57 - Vilg’jj))

The calculations of 6 R and 6Rij are alike, but we need

1_. 1 . .
6 (—VZV]O[) = ¢ (_) Vlvja(()) _I_VZV] Sou
« a N —’ N~
:O:a(o):a(t) 2nd OI’d.
ViVal® 4+ vOivsa

N—_——
0

1
4+
(83

_ lvm)iv;@)(sa _ 1y0ig04,

a a J

1

where we used V(07 = g”VEO) = ;—Q’yﬂvgo) = a%vi.
With the same kind of calculations as above, only a little more terms
involved, we find

=
1

-1 1] - 1] 2 S
R(g)+ KK, + K K7, — = {Aa + K ] (60)

6 .
RO = K+ H?+H (94)
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2 .
bR = S[(6K +2A) - Ag]
6 ) . ) ) .
|6+ 3) + 20 (1 + 16 + ) (95)
7 7 S 171 71 1S 1 7 1Y e
Ry = Rilg)+ KK = 2K K - — ViVia+ gt K] (59)
0)i Lo s
RV = (2K + 20 + H)8', (96)
or = Siungayes YV
= AHE Al [ ]
1

- iy a0 w2y 4 ]
where the operators work on X.

3.4.3 Equations For §G*,

Finally, we compose the perturbations of the Einstein tensor like

J

Vs~ (a - AG) = + - )

v [HG 4 2d) + @I+ 0+ )] 6

a?

This is only a short calculation with the quantities from the last section.
Using the transformation

¢——><I), 1#——>\IJ7

with the Bardeen potentials (51) and (52), we find the gauge invariant ex-

pressions
6Gt, = % 3H(H®+ V) — (3K + A)¥ (97)
6Gt, = —%vi(ﬂcp + ¥) (98)
§GE; = —Qi‘;q’éij — (AT — Ag) i—g + V;zvf(xp — 9)

2 . . . . .
+ H(®+2V) 4+ (2H + H*)® 4 V)| 8. (99)
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3.5 Perturbations Of The Stress-Energy Tensor

Until now, we only cared about the left side of Einstein’s equations (156).
Now we turn to the right side and ask ourselves what perturbations of 7,
with a Robertson-Walker background must look like. Once again we find
that four potentials parameterize T),,:

scalar quantities | 67Ty density fluctuations
vector quantities | 67y; ~ V;(scalar function)
fluctuations in four-velocity
tensors tr(67;;) isotropic pressure fluctuations
6Tij traceless | anisotropic pressure fluctuations

Calculating (67')", is not that hard when we consider the four-velocity
ut := (u%, v) to be a normalized eigenvector of T, with eigenvalue —p:

guutu’ = —1 (100)

T u = —pu”. (101)

The second condition is plausible in the following way: According to (185),
Tﬁ?,) has only diagonal entries for a perfect fluid, which we will restrict
ourselves to in dealing with a Robertson-Walker universe.'® Then we see
from (101) in comparison with (185) that the spacial components of the

four-velocity to 0th order become u(®) = 0.
To 0th order, (100) becomes

gzg?)u(o)tu(o)t _ 1 = 2 (O)tu(O)t

= = = ugo) = —a. (102)

From the form (185) of T}, for a perfect fluid, we see that

T = —p, T =0, T = psi. (103)

j
When we calculate the perturbations 6§77, we will need the perturbations
of u* also. They follow from (100):

6guyu(0)ﬂ'u(0)y _I_ QQL?/)(SUMU(O)U = 0
— 6gttu(0)tu(0)t + Qgil?)éutu(o)t =0
st = §gu(ulOh)? _ _2(12(]% _ K

_Qgg))u(o)t 2a? a
— (Sut = —?7 6ut = —a(b.
a

'8 A comprehensive treatment of perfect fluids in connection with the stress-energy tensor
is given in chapter 12 of [3].
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Now we can get the perturbations of the time and space-time components
of T, from (101)

(T, u"' + pu”) =0
6Tul’u“ + (T(O))M”(Su“ + dpu” + pbu”) =0
6T, /8’ + 68, %' + ((T0)7 + pe”, ) 6u = 0

I 1

1
= (81" + 0p8%) P ((T(O))uy + P‘SUM) dut =0,
which yields

6T, = —bp
6T, = —a(P+ p)du'.

Whereas we find also

5T;? - 6 (g]‘l,ngyM)

atp+ P) [t = 11 ] (104)

We stated above that the four velocity contains the vector » which van-
ished to O0th order. But of course it appears in du', and with this fact we
sum up the results of this chapter:

out = —2¢ (105)
bu' = %’yijvu = du; = a(v — B)); (106)
6T, = —ép=:—p-& (107)
6T, = (p+ P)o— B), (108)
8Ty = —(p+ Py (109)
6T, = épd'; + PII',; (110)

Don’t let the new 6 from (107) confuse you, it is called density contrast and
just a quantity defined to help us write equations simpler, and regarding the
new function II, we will later see what it is good for. For now we only state
its definition

We now have parameterized 67", by 5—”, v,0P, and 1II.
o
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3.6 Gauge Invariant Matter Quantities

The perturbations of the Finstein tensor are formulated in a gauge invariant
manner in (97) to (99). We are now formulating the perturbation equations
for the ¢T", in a gauge invariant manner also, starting by calculating the
gauge transformations

6T, — 8T, +(LxT),

6T, — 8T, + (LxT),

K3

where we find the Lie derivatives in the same way as in (43):

(LXT)tt = _TP
(LxT)'; = TP§,
(LxT)Yy = —pT; = P81 = —(p+ PYT;,

Here, T denotes the gauge freedom 7 from (53), to distinguish it from
the stress-energy tensor. Comparing the last few equations, we find the
transformation of the four potentials describing the perturbations of 7%, to

be

sp — Sp+Tp (112)
§P — P+ TP (113)
(v—B) — (v—B-T) (114)
n — 1L (115)

The task is now to find gauge invariant quantities for (112) to (114), since
only II is gauge invariant. Note that in all three cases we have to consider,
there is always the function T appearing after the transformation with a
derivation of the unperturbed quantity which was put in on the left side.
Looking at (49) and (50), we can compose these two functions to £ + B,
which transforms like

E+B—FE+B4+T

in the notation we use now.

Of course, this solves our problem: Adding £ + B times the negative
of the factor that appears after the gauge transformations (112) to (114) to
any unperturbed quantity gives the three new gauge invariant potentials

V o= (v—B)—I—(E—I—B):v—I—E (116)
A, = %(6,0—,6(E—|—B)) (117)
ro= %(6P—P(E—|—B)). (118)
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V' is called the gauge invariant velocity, A\, is called the gauge invariant
density contrast.
Directly from Einstein’s equations, one finds

p=-3H(p+ P). (119)
We set

P
w o= — 120
, (120)

P
2= = 121
5 (121)

and find from (117)

Ay =6+3H(1+w)(E+ B). (122)

Note that we find two of the gauge invariant potentials from matter
quantities alone: The first is the anisotropic part of 6Ti]« parameterized by
II. For the second, we use (112) and (113) to find an expression that must
be equal to I', since we used all transformations (112) to (115) to find the
gauge invariant potentials except for (113):

1 P
I'=—16P——bp]. 123
P( 5 p) (123)
It follows from I' = 0 that % = % = 0. In this way, the adiadbatic

perturbation has gauge invariance meaning, and in general, I' parametrizes
the entropy production of a perturbation.

We state another way to write the density contrast, which we will use
afterwards:

Ay = Ay =3(14+w)¥ (124)
A = Ay=3(1+w)HV. (125)
It will always be clear from context that A cannot be the Laplace operator.

With all gauge invariant quantities A, V, T', and II, we write the pertur-
bations of 7%, in gauge invariant manner, using (107) to (110):

6T, = —p\, (126)
6T = p(1 4wV, (127)
6T2j = p (wF + c? VAW —I—wHZj) . (128)

These equations are easily found with a little algebra, except for 6Tij, for
which we need both equations for I'.

19 As is shown in [5], p. 435.
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We arrive at the gauge invariant expressions for Einstein’s equations on

both sides:

§GY, = 8méT' :
87

SH(H®+ W) — (3K + A)¥ = —7;)@2 A, (129)
(SGtZ' = 87T(5Tt2' :
: 8
Ho+ ¥ = —%paz(l—l—w)v (130)
(SGZ] = 87T(STZ] :
1
(Vivj - g%’jA) (@ + V) = —8mpa’wll,;, and (131)
1 ) .. . .
SA(@ - )+ (H2420)0 — KU+ b+ 0+ 21|
= %ﬂpa? [wI + 2A,]. (132)

The last two equations correspond to the traceless part and the trace of
6Gij.

From (131), we find the difference of the gauge invariant Bardeen poten-
tials to be

U — & = Srpa’wll (133)

what must correspond to the anisotropic pressure.
Insert (130) into (129) to find

(A+3K)V = %ﬂpa? AN (134)

The previous two equations yield expressions for the gauge invariant
Bardeen potentials in quantities of matter

v = %ﬂpa? A[A+ 3K (135)
o = %ﬂpcﬂ [(A+3K)™" A —2wll], (136)

where we have to remember that A is an expression for the density contrast,
whereas A stands for the Laplace operator.
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4 Application Of The Perturbation Equations

The perturbed Einstein equations alone do not impress us very much. We
need to apply them to real problems to see what they are useful to. Remem-
ber from the introduction that we wanted to find out whether galaxies can
be the end products of density fluctuations - this chapter will give a hint
(although there is more to the answer than we can include here).

First, we calculate the evolution of the gauge invariant density contrast
and the gauge invariant velocity through application of the stress-energy
conservation. Afterwards, we find the sources of density flucuations, rear-
ranging the fundamental equations we have found in the first section. At
the end, we will state a solution for a universe filled only with dust and
radiation.

4.1 Evolution Of Density Contrast And Velocity

With all we have achieved until now, we can without great effort calculate
the evolution of A and V. These quantities bear information about how our
universe evolves over time. We will get the evolution equations for A and
V from the conservation of the stress-energy tensor

§[T%;p] =0,

for v = 7 and v = t, respectively. Here, the semicolon ; denotes covariant
differentiation, which is defined such that

We are going to use
T = —p, T, = P§',, Tt =0,

and the Christoffel symbols calculated in ¢(©) like in the appendix,
Ijy=H, T;=T",=I,=0 T ==Hy; I';=H,.

For example,

1
Fttt = 59” [9¢1.t — Gitt + g1,
Ly L1l 4.
= 39 9wt =537 200y
= H.

Then, a short calculation shows that
o[Th;n] = (5Tit),i + 5Ttt - H‘ST% +3H8T, — (p+ P)‘Sriit

O[Tp) = (817 +6T' + 3HOT', — Hy T + (p + P)OT",,
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Everything in these equations is known except for the éI's, which one

gets through direct computation

6T,

6Ftti =

1 ..
§ (59 MNGijt + 9tii — git,j])

1 ..
o (59”92']‘)
(i )
1 1 . .
+§¥’V” (—2@2 [¢7:5 — VZ'V]'E])
2H <¢7ij%j — ViVj’yijE) —2H [¢7ij7ij _ ViVj’yijE]
—y M%’j - VZ'V]‘E}
~3¢ + AE

1
2
1
2

i — HB,.

These are all necessary quantities to calculate the perturbation of the

stress-energy conservation:

6 [T"%; 1

&[T )

= (8T%);+ 6T — H6T', + 3HSTY, — (p+ P)sT,
= (=(p+ P)Vijvlj)u —(8-p) — H(6PS'; + PII';)
~3Hp-6+ (p+ P)(3¢ — AE)
= —(8-p) =3H(p-6+6P)
~(p+ P) [y — 30+ AE| - PHIT, (137)
= —(6-p) —3H(6P—p-95)
+p+ P) [A(v + B) - 39

= P+ (p+ P)(v=B)+(P+p)(v—B)
FAH (0~ B) + 6], + pIl. (138)

It follows when we integrate the stress-energy conservation and use HZU =

|7

[2(A +3K)] B (this you can get from writing out I, in terms of HIZIJ +

Rijﬂu and use

0

the appropriate definitions):

. ) 6P
= 6-3v(1+w)+¢ [3H+ g] +3Hw—

e —
—3Hw
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+(1+ w)A(v+ E)
0 = 6P+ (P+p)(v- )+P(1+w)[( - B)

FAH (0= B)+ 64 p2 (A + 3K)T,

which can be written as

0 = 5+3Hw[‘%P—5]+(1+w){A(v+E)—3¢ (139)
0 = wé—P+2w(A+3A)
+(1+w) [(v = B) + H(1-3¢")(v - B) + 9], (140)

but these equations are not gauge invariant yet. We have to insert the gauge
invariant quantities we know so far,

6 = A;+3(14w)yp
1 .

¢ = <I>—|—E a(E—|—B))
Y = V- H(E+B)
oP c?
— =T 56

Iz +

vV = v—I—E,

and use the relation

b = Ag+3(1+ w)+ 3wy

= Ag+3(1+w)d+3¢ BH(1+w)(w—c)], (141)
where
W= (2 —w)l = 3H(1 + w)(w— ).
p
Now we can write (139) and (140) in gauge invariant form:

=)
ll

A, +3(c — w)H Dy +(1 4 w)AV + 3HwT (142)

0 = (14+w)|V+HV(1 -3+ +320| +wl
+c2 A, —|—§w(A + 3K)IL. (143)

Collecting all ¢2-terms and inserting ® from (136) yields
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(1+w) {V + HV} = [%paQQ — %(A + 3]()] wll — wll
8T 4 - 2
— |5 re (A+3K) +c;| A (144)

By definition,
A=0,+31+w)[¥-HV],
and from that,
A=A, +3(1+w) {@—HV] —-3V {(1—|—w)H—|—Hw :
Here we insert (141) for 2,4, bring the perturbed G*; (130) into the form
. 8t
U+ H= 7,0@ [H2wll — (1 + w)V],

to insert it for W, take (144) for V and the background for H and

: 1
H = H>+ K- 587rpa2(1—|—w)
W = 3H(1+w)(w— ¢,
We finally find
A—3HwA = (A+3K)RwHI — (14 w)V]. (145)

Equations (144) and (145) are the fundamental equations for the evolu-
tion of A and V. They are two coupled ordinary differential equations for

A and V.

4.2 Sources Of Density Fluctuations

If we want to explain the existence of galaxies, we have to understand the
evolution of the density contrast /A and of the velocity V. We have achieved
this with the last section, but we do not see yet where the density fluctuations
stem from.

To discover that, we consider a decomposition of our gauge invariant
quantities A, V, I, and T in modes, expanded in Y(¥). We remember that
according to (108) and (116), V parameterizes a gradient and according to
(111), IT parametrizes a twofold covariant derivative.

Thus, for such a decomposition,

1 1
A — A(k)v F — F(k)v V — —E‘/(k), H — ﬁﬂ(k)

(Consider a fourier transform to figure out the k-factors, k stands for the
wave number.) With the same argument, for the Laplace operator,



4.2 Sources Of Density Fluctuations

34

A — k2,

Our fundamental equations for the evolution of A (145) and V (144)
then become:

. 3K
Vonv o= k|o (1 3EY STl h e g
o 14+ w k2 k2 v 14+ w
c? 87 pa’ 3K\ 7!
k| —=—— 1 - — A 14
+ 14w 22 ( k2 ) ’ (147)

where K denotes the curvature and k the wave number. To illustrate this sit-
uation, we must remember that what we are looking at are still stress-energy
conservation equations, which we brought in a form where the evolution of
the density contrast A and the velocity V' becomes obvious. It is intuitive
to imagine the density fluctuations described by these equations to spread
as waves with wavelength A and wave number k.

With % = —3H (14 w)?°, we can write the left side of (146) as

; (Aa’p)

A—-3wHA = (148)

a3p
This shows that —3wHA is the adiabatic change of the density contrast,
caused by cosmic expansion.
Through elimination of V' in (146) and (147) one can get (after a fairly
complicated but only algebraic calculation)

A+ [AF3(E-2w)| HA + 30, A= S (149)
§ = (1 - %‘) {204211 — 2Hwil - wkﬂ : (150)

with the background functions

(&3]

2 § 2 2_1 1 2 - 1 2 a7\ a2
H [Qw 4w + 3¢ 2]+2(3w 1)Ix—|—3(k BIx)cs

ay = H?[3w®— 2w+ 3c] + w(Bw+ 2)K + (k* — 3K)c2.
The left side of (149) is determined by the density contrast in second
order and on the right side we have I' and II. From (123) and (133) and

their remarks we can conclude that the sources of density fluctuations are
entropy perturbations I' and anisotropic pressure perturbations 11.2!

20 A direct consequence from FEinstein’s equations in a Robertson-Walker universe, see
[5], p. 435.

21], p. 47 and following pages, gives an account on how the effects of I' and II can be
estimated and how the exact solutions can only be found if we treat matter as a perfect

fluid.
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4.3 Solution For A Universe Filled With Dust and Radiation

Finally, for ease of use, we document the solution for a dust-radiation uni-
verse. We exactly follow Kodama and Sasaki in [1].

For the following calculations, we introduce a new variable & ~ e® in
place of the conformal time ¢, defined by

. . aa
E=raf = k5E5 =kHIE, (151)

where [ := % ~ a-A. When we write H[ as

¢ reduced wavelength of perturbation
Hl=% = 152
i radius of Hubble horizon ’ (152)

we see the sense of Hlin (151): We are interested in how large perturbations
are compared to the hubble horizon H~! and how fast they grow with time.

£ shall be defined such that & = 1 when the perturbation enters the
Hubble horizon:

EHI=1):=1. (153)

We set the curvature /' = 0 and express (149) in terms of £:

AN pdA 2 24w
= s _ A = 154
- fat [ ens oy
w 2 2 2w dIl
S =_— [F——H] + - 3w2—|—3c§—2w - ——
i Rl M=
with the background quantities
5 2
pooi= —5(1—3w)+ 1—3e;
1
voi= =51 3w)(7 - 3w) +3(1 - 3c2)
f = HIE.

If we only consider density fluctuations in a universe that is only filled
with dust, meaning pressure-free particles, and radiation, we must have??

N VR
p = 25 +2€
1
p = —¢
6£,

and therefore, with z := 1 + £,

211], p. 70.
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3z
4
©3(1432)°

2 _
s =

= o |

For adiabatic perturbations is 5 = 0, and if the perturbations extend far
beyond the horizon, 07 < 1,

2N T VAN 24 v
it [

In this form, we can solve (154) analytically. With the previous equations
for p,v,w, and ¢, one finds
d*A N 5 3 dA
dz? 2z 3z4+1) dz

o3 1 3 2
_ T4 - A = 0. 1
* 3241 2+222+2—1 (z—1)2 0 (185)

To find the general solution of this differential equation, Kodama and
Sasaki make the Ansatz?3

]A:O

Aot
Va(z—1)

obviously to get rid of the factor that comes with A, which simplifies the

equation a lot. Now, we can write (155) as

dz_ui_2_3 du
dz?

which has the general solution

1 (., 25, 5 5
u(z):clﬁ 2—32 —|—§z—§ + co.

¢1 and ¢g are arbitrary integration constants. This means for A:

Alz) = AU (2)+ BU\(?)

1 25 5 5
U — _ 3 £Y .2 Y. Y e
4 [”ﬁ(z T 3)] N
1
Va(z = 1)
A and B are arbitrary constants, and ¢ has to be determined. ,
In the matter dominated era, where z > 1, obviously U\, ~ {72 and

U, ~ €. These are the decaying and growing modes in the matter dominated
era.

22[1], p. 70.



Einstein’s Equations In The Robertson—Walker Metric

37

A Einstein’s Equations In The Robertson—Walker
Metric

In this appendix, we manually calculate Einstein’s equations for a Robert-
son—Walker universe. The sense of doing so is to get insight into what the
Robertson-Walker metric is all about, how the I's work, and what Einstein’s
equations looks like in this metric: It yields a set of coupled differential
equations for a(t), p, and P, which then describe a homogeneous, isotropic
universe. Remember that this is one of only few exact solutions of Finstein’s
equations.

Using a 2+2 formulation that separates space and time from the angular
coordinates is a rather elegant way of dealing with the Christoffel symbols
appearing in the Riemann Tensor. This in itself is worth reading if one is
not familiar with that idea.

A.1 Aim And Plan

Our aim is to write Einstein’s equations

Gy = 87T, (156)

in the explicit form for a homogeneous, isotropic universe, which can be
described using the Robertson-Walker metric introduced below.

The left side consists of the Finstein tensor?*

1
G;w = R;w - §guuR- (157)

The Ricci tensor Ry, is the contraction of the Riemann tensor Rj,,. The
Ricci Scalar R is defined by R = R",. Of course, we can raise and lower
indices after we introduce a metric in the usual way (for example, Re; =
ga/\R/\ﬁ)-

After these remarks, we can write the Einsteintensor (157) as

1 (&3
G;w = R;w - 59#1/ (g ﬁRaﬁ) . (158)
We will use the Robertson—Walker Metric which is fit to describe a ho-
mogeneous, flat universe. In this metric, the line element becomes

d 2
ds? = —di® + a?% + a®r? (d9® + sin® 9d?) . (159)
— T

K
We used the notation a = a(t) for the cosmic scale factor and K for the
constant curvature. Obviously, we are working with the four coordinates
t,r,9 and ¢
According to (157) , the plan is now to calculate all the Riemann tensors
to find the Ricci tensors and the Ricci scalar necessary for the left side of
Einstein’s equation (156).

?*As Wald explaines in chapter 4.3 of [6].
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Since we can in our case calculate the components of the Riemann tensor
by25

R, =R, =10, -T%  +TI5,T,, - I3,I) (160)

pov po,v )

we have to concentrate on a comfortable way of calculating the Christoffel
symbols.?6

(o} 1 (o}
Tow = 59 Gsuw + Govn = Guvs) - (161)

A.2 Explicit Form Of The Robertson—Walker Metric
By definition,
ds? = Gupdztdz”,

and since there are no off-diagonal terms,

ds? = g, da"dz” = gudt* + g dr® + goedd® 4 gopde. (162)

The comparison of the coefficients of (162) and (159) yields

-1 0 0 0
2
0 4 0 0
L= 1-Kr2 R 163
Eu 0 0 a’r? 0 ( )
0 0 0 a?r?sin¢?
with the inverse matrix
-1 0 0 0
0 1—Kr? 0 0
uy a2
g - 0 0 a217,2 0 (164)
0 0 0 L

a?r? sin 2

A.3 242 Formulation

If ones has to calculate Christoffel symbols (161) in the Robertson—Walker
metric, a simple idea makes life a lot easier: Separate the ¢ and rcoordinate
from the ¥ and ¢ parts. The I's consist of derivations of the metric, and
one knows e.g. that only the g,, depends on an angle, namely on 9. If we
use small letters for ¢ or r and capitals for the angular coordinates, the last
sentence means

0 ifp=v=
gW,A{# EAEvEe (165)

=0 else

25Gee chapter 3 of [3] for a proof.
26The Christoffel symbols are introduced in a general context as components of a con-
nection in chapter 3 of [6].



A.4 Calculation Of The I's

39

Such ideas consequently applied calculating the I's and adding them to
yield the Riemann tensor will make things rather easy to calculate by hand.
We write the Robertson—Walker metric (159) like

2 o dr? 2.2 7102
g:—dt —|—a m—l—ar dQ 5
F2(T,t)dQ2

gttdt2+grrd7’2

where the elements of (163) appear and we absorb the factor a?r? in a new

function F?(r,t) and the angular parts of the metric in dQ2.
So we can write the metric as

g = ﬁijdxidwj + F?§4pdatda®

using our convention for small and capital latin letters, ¢ = ¢,r;5 = t,r; A =
¥,0; B = 19, ¢. The g part now only depends on ¢ and r, while § depends
only on ¥ and ¢.

A.4 Calculation Of The I's

The 242 formulation leaves us with only six different cases of Christoffel
symbols (161), namely

FijkvFiAjvriABvrcABvrcAivrc;'j' (166)

Calculating and then inserting ¢, r, ¥ and ¢ into (166) gives an overview

of all Christoffel symbols:

Fijk = %9” (915, + Gik,; — Gik1) (167)
FiAj = %g” (9145 + 91,4 — 9451) (168)
I'yp = %g” (914,B + 91B,A — 9aB,1) (169)
% = %QCD (9pA,B + 9DB,A — 9AB,D) (170)
e, = %QCD (9DA; + 9DiA — 94iD) (171)
FCZ']' = %QCD (9pij + 9pji — 9ij.D) (172)

A closer look at each case reveals the few calculations that really need
to be carried out:

(167) yields two further cases, one from ¢ = ¢ and one from ¢ = r:
N
'y = 59 (9ejk + Gik — Gikt) (173)

T 1 rr
Ui = 597 (Grige + 9o = Gikr) - (174)
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(168) = 0, because it either contains non—diagonal entries of (163), which
are 0, or a derivation of ¢;; by an angle, which is also 0 because of

(165).
(169) yields two further cases:
Iyp = 59" (—94B.)
I"ap = 59" (—94B;:)
with the above remarks.
(170) is seen to be
AB = -9 (F*pap + F*Gpp,.a— F*Gap,p) = chB

if one crosses I'?. The corresponding cases can be calculated easily:
We only have to consider gap ,, for we know that there can no other
derivations be involved.

(171) yields two further cases:

1 11
C cD ~CD o~
My = 59 (!]DA,t) = §—F29 (F,?s!]DA)
1 . g BNSTIN a
= 5@27‘2 gOD (2@@T29DA) = EgCDgDA = E(SOA
1 11 1
C cD ~C'D 2~ C
F Ar = 59 (gDA,T) = §F2.g (E*/nQDA,T) = ;6 A

From the definition of the Kronecker Delta, these two cases are # 0
only if C' = A.

(172) = 0 for the same reasons as (168).

With these remarks on the six cases for Christoffel symbols (167) to
(172), we can calculate the complete list of Christoffel symbols by hand and
find:
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Iy =0 Fgﬁ = 0
re, =10 rg, =0
r}t = 0 F% = 0
r, = %= ry,, = -—sindcos?
Iy, = aar’ rg, = ¢
S T
r,, = aalf sin® 7 'y, =+
[ S——— I, = 0
I, o= b re, =
o= d ry, =
'y =0 Iy =0
re, = —r(l—Kr?) ree = 4
Iy =0 e = 4
r,o= 0 reo=
Iy, = —rsin®9(1-Kr?)|Tf, = 1
'y, = 0 e, =10
Y%, = 0ifC#A

A.5 Calculation Of Ricci Tensor And Ricci Scalar

According to (163), the off-diagonal terms of g, are 0, and since by (161)
the I's and by (160) even the R, s contain only diagonal terms, we have two
cases of Ricci tensors we have to calculate in order compose the Einstein
tensor:

R;; and Rag,
the R;4s are zero.
By (160), we have
_ pa _ o o a A o A
Ri; = Rm]‘ = Fm,j - Fij,a + ijrm —I'%.T ij
k A k A
= Ty + 1y — Tk~ Tia

‘I'Fkljrlik + FkAjFék + FAljrliA + FABjFBiA
_Fklkrlij - FkAkré'j + FAlArlij + FABAFBij

= Ih,;,-Th,+ Fkljrlik - Fklkrlij

thk,j 1,k
+0; + DTy = DT (175)
In the same way, we get
Rap=Ri,5 = Rap+TFppl0y +TEET

kol B k
=1 4 — el ap — Uap i
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We show the calculation of Rgg with (176), the cases of Ry, R, and
R, are analogous.
Writing out equation (176) for A = B = ¥:

Ryy = Ryoy = Ryg + I'helh + T g
(a) (®) (¢)
— IR Ty = THTh, - Fgﬁ,k .
—— S——
(d) (e) (H

Every term can be calculated with the above table for the I's.

(a)
Ros = Rjay
D D D pE D 1E
= Uspy—VUgsp+TEslsp —TEDLy
= ngw + 5,0~ ngw -T7.
9 o 9 9
050 + Tools + ToaT5, + T5sT5,
~T5sT5 — FZﬁrgﬁ - Fgwrgﬁ - e T,
= Fgap,ﬁ + Fiﬁrgap
(b)
Ihelh, = Thlh, + ILsT3, +T5,105, + |
S—— S——
0 0
(c)
Iy = Toglhy + T2, + ngrfw + 17,175,
S—— N——
0 0
(d)
TR, TGy = —T0Thy =T Th —T7 Ty — T7.,. Ty
et N
0 0
(e)
—FEIEHM = —Ffﬁrfw - Ffﬁ fw - Ffwrfw - Ffwrfw
= —QF%F% - QF%FZW
(f)

k _ t r
_Fﬁﬁ,k - _Fﬁﬁ,t_rﬁﬁ,r

Adding all parts of Rgy from (a) to (f) gives
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Rgg = Tj, o +T0,T5, + D505, + iy + Ty
—T7, Ty = I7, Thy — 2T Thy — 200, — Tt — Lhg,
= Tf, s +T0T5, + D05, — Doyl —T05 T,
0
17, Ty = T7,, T — Ty — Ty,

Jd (cos? cos¥? 1 s

B G_ﬂ(sinﬂ) sinzﬂ—l—;T(l_AT)

a . a ., . 0 .
—Eaarz ~ 5 (aar?) — o (—=r(1 - Kr?))

= —r?(2a® + ai + 2K) .

In the same fashion we find the other R,,s. The result is

Rtt - 3g
a
_ .9 . -
RTT = _m (2@ + aa + 2[&)
Ry = —r*(2d*+ aii + 2K)
R,y = —r’sin®d (2¢° + ai + 2K) .

The Ricei Scalar is built from these quantities:

R=R\ = ¢“R,\ (176)
= ¢"Ru+ 9" R+ 9" Ryg + 9% Roy
i 1— Kr?ai+2a®+2K T 5, . 5 .
- _35 @2 1— Kr? B azrzr (aa 207 2A>
1

r2Zgin? 9
(i, K
B a a? a?)’

A.6 Calculation Of Einstein Tensor

rZsin? ¥ (ad + 24+ 2[()

Writing out (158), the aim to calculate the left side of Einstein’s equations
(156) means to calculate

1
Gy = Ry— —gull

2
G = R ! R
T - T 297’7’
1
Ggs = Rgy— 5919191%
1
Gop = Ryp— 5900R

2
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with the R,,s and R listed at the end of the previous section. Thus, we get

1
Gy = Ry-— §gttR
LI PP L
- Ta 2 a a? a?
1
GTT = RTT - _gTTR

2
(2 + @i +2K) 1 o i a4 K
= - - S (665 + 6=
1— Kr? 21— Kr2 a a? a?
1
Ggs = Rygy— 5919191%

1 . ) ],
= —r? (2% + ai + 2K) + Sa*r? (63 +6= + 6—‘2)
a a a

1
Gop = wa_§gwwR
a

2 .. 9 .9 . - 1 2 92 .. 92 a 2 K
= —r‘sin 19(2(1 —|—aa—|—2[x)—|——ar sin“d [ 6—+6— +6— ],
2 a a? a?

and this leads to the result

Gy = -3 ((%)2 + %) (177)

1 e

Gre = T3 (2da + a* + K) (178)
Gy = 17 (2ia+ad® + K) (179)
Gop = r2sin? 9 (Qda +a%+ K) . (180)

But this is not Einstein’s equations yet, it is only the Einstein tensor.
We still have to calculate the right side of (156). Fortunately, this is rather
easy compared to calculating the left side.

A.7 Einstein’s Equations Completed
Taking for granted that

Ty = puptty + P (N + wuty) (181)

is the stress-energy tensor describing a continuous distribution of matter
called a perfect fluid®*”, we start by remarking that this tensor is written
with the Minkowski metric

~1 0 0 0
0 1 0 0

=0 0010 (182)
0 0 0 1

27[6], chapter 4.2.
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which is different from the Robertson-Walker metric (159) we were using to
calculate the left side of Einstein’s equations. At first glance, this means
we have to transform either side of Einstein’s equations to find the right
expressions in the same metric.

But raising an index on both sides of Einstein’s equation makes it inde-
pendent of the metric used, since all metric-dependend factors in either &,
or Ty, divide out:

Gu = 81T,
o ¢"Gh, = 8tg"t T, = 8ttt T,
~~ ~~
Guv mz
& Gr = 8xTh (183)

This means we can calculate the left side in the Robertson-Walker metric
and the right side with the Minkowski metric and afterwards raise the first
index to render the result metric-independent.

Since our results are coordinate-independent, we can calculate 7}, in the
inertial system at rest, where the velocity vector is

w = (1,0,0,0) (184)
in components. Thus, according to (181), (182) and (184),

Too = puouo + P (oo + uouo)
ptP(-1+1)=p
T = purur + P (i + uiuy)
— P(140)=P =Ty =Ty,

where we used the indices (0, 1,2, 3), to distinguish results in the 7, metric

from results in the Robertson-Walker metric. The stress-energy tensor for
a perfect fluid looks like

0 0

P 0

T, = 0 P (185)

o oo

0
0
0
0 0 P

We now see the metric-independent result for Finstein’s equations with
(183), (177), (164) and the above values for T},

N2 g
a K
9"Gu =G =3 ((5) + _) = 81p=T% =n""Tuo

. N2 .
]/
gTTGTT = GTT = QE —I_ (g) ‘I’ _x - 87TP = Tll = 7711T11
a a
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87 P =1T%

87P =T%.



Notation

B Notation

e We always use Einstein’s summation convention for tensors:
n gk . qi5k n L ._ nk
Dkt Ay = Ay and 30 By = By

. 5 .
o We write 57- simply as ;.

o Latin letters refer to conceptual ideas of tensors while greek letters
indicate components. Often, latin and greek letters can be used ex-
changeably, but often it makes things a lot easier to see.

e We mark derivations by time with a dot: %—i = d.

¢ Quantities and objects that live on the tangent spaces of the Xs defined
in (1) are marked with a bar, like 3 or €;.

e The Kronecker delta is used very often:

0 else

Note that 62 means to sum over all ¢, often the sum over the three
space indices from the 341 split. In this context, ¢*, = 3.

e We denote V'V by 17 and ViV by yi;-

¢ 6 without indices denotes perturbed quantities, e.g. d¢ is the perturbed
metric corresponding to g.
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