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Abstract

Common literature about cosmological perturbation theory starts

with the harmonic decomposition of perturbations and goes a long way

deriving and explaining the perturbation equations�

In a Robertson�Walker universe� a di�erent approach is to solve

Cartan�s equations of structure in a ��� split of spacetime and 	nd

gauge invariant perturbation equations through straight calculation�

The applications shown include 	nding the sources for density 
uctu�

ations as perturbations of entropy and anisotropic pressure�
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Introduction �

� Introduction

The General Theory of Relativity describes our universe based on Einstein�s
famous equations� But only few physically interesting exact solutions of Ein�
stein�s equations known� and these solutions� such as the Robertson�Walker
solution or the Schwarzschild solution� leave many questions unanswered�

Where do galaxies come from� The evolution of density �uctuations
might be able to explain the existence and formation of these structures�
so the question is� How does a small inhomogeneity in a nearly Robertson�
Walker universe evolve� Do primordial density �uctuations have the neces�
sary properties to create the universe we see today if they are expanded�

To answer these questions� one must �nd equations that describe how
physical quantities behave under slight displacements in spacetime� in other
words� how a perturbed system evolves with time�

In this paper� we will derive the perturbed Einstein equations for a
Robertson�Walker universe� which is homogeneous and isotropic� It de�
scribes what our universe looks like on large scales��

Once we know the perturbed Einstein equations� we use the conservation
of the stress�energy tensor to �nd out how density contrast and velocities

evolve and what generates density �uctuations� The perturbations of entropy

and anisotropic pressure�
Appendix A shows how to manually calculate the exact solution of Ein�

stein�s equations for the Robertson�Walker metric�

Since existing literature on cosmological perturbation theory is not only
rare but also fairly complicated� we chose an approach to the subject which
simpli�es calculations and sticks to the physics�

Demystifying the subject� we have included step by step calculations
rather than just stating the results� Where we left something without ex�
planation or proof� we referenced literature or assumed that the reader will
know how to deal with it out of context�

From this point of view� the paper on hand serves as an introduction
to cosmological perturbation theory which enables the reader to understand
where the perturbation equations come from and dive into the complete
treatment of cosmological perturbation theory� as compiled by Kodama and
Sasaki in ����
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�A complete description of the standard cosmological model is given in ���� chapter ��
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� Preliminaries

In the the late ���
s� Cartan �gured he could package the �� components of
the Riemann tensor R���� into only six curvature forms �i

j � using amongst
other things the exterior derivative d to abbreviate calculations elegantly�
One major advantage of this cartan formalism is that often� terms cancel
out before they have to be calculated��

In this section� we use this approach combined with the idea of split�
ting a spacetime manifold� into space parts and time parts� which simpli�es
calculations even more� to arrive at expressions for Ricci and Einstein ten�
sor that will facilitate the derivation of the perturbation equations for a
homogeneous� isotropic universe�

��� ��� Split Of Spacetime

A spacetime manifold �M� g� can be decomposed with a di�eomorphism

� �M �� �� I�

where � is regarded as the space�part and I � R as the time�part of M�
More precisely�

�t �
 ��� ��� ftg� ���

are three�dimensional manifolds� and

�x �
 ��� �fxg � I� ���

are timelike curves� Imagine M to consist of �t�slices pierced with �x�
curves� It is very natural� of course� to call this decomposition the ��� split

of spacetime�
Imagine the vector �eld �t� pointing in the direction of �x at every point

p � �t� This vector �eld can be decomposed into a part normal to �t and
a part that lies in �t�

�t �
 � � n �  �� ���

We call � the lapse function� n � �t is the normal vector to �t�  � � �t

is called the shift vector� This is the �rst application of the ��� split of
spacetime� We are going to calculate many expressions applying the same
principle� The metric g� for example� can be splitted like

g 
 ���	
� � 	� 
 �	� � 	� � �ij	

i � 	j �

Note that in all following calculations� one must pay attention whether
Latin indices do not run from 
 to �� but only from � to �� since the time�part
of spacetime has been decomposed from the space�part�

�A good account of this idea and its implications is given in ���� chapter �����
�Readers who are not familiar with fundamental notions of di	erential geometry 
man�

ifolds� vector �elds� curves� connections� and the like
 may refer to chapters one to three
of ���� Robert Wald�s famous treatment of general relativity�
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Consider vector �elds fe�g and one�forms f	�g� orthonormal bases of
the tangent space T ��� or the cotangent space T ����� respectively� de�ned
as follows�

e� �
 n 

�

�

�
�t �  �

�
using ��� ���

	� �
 � � dt ���

ei �
  ei ���

	j �
  	j � �jdt� ���

The bar over certain characters is used to mark them as elements of the
tangent space T ���� or T ����� respectively�

With direct calculation one veri�es that

 	j � ei� 
 �ij �

a fact we will use quite often�
With regard to a coordinate basis�

g��t� �t� 
 �	� ��t� 	� ��t� � �ij	
i ��t� 	

j ��t�


 ��� � �ij�
i�j 
 ��� � �i�i �	�

g��t�  ei� 
 �	� ��t� 	� � ei� � �ij	
i ��t� 	

j � ei�


 �� � �dt � ei� � �ij
�
�i
�
 	j� ei� � �jdt� ei�

��

 �i� ���

Note that we made use of the fact that in our ��� split� e� �  ei 	i�
Space and time stand normal to each other�

With �	� and ���� our metric becomes

g 

���� � �i�i

�
dt� � ��idtdx

i �  gijdx
idxj


 ��� �  gij
�
dxi � �idt

� �
dxj � �jdt

�
� ��
�

��� Cartan Formalism

The aim of this section is to calculate the Einstein tensor in terms of lapse
function �� shift vector  � and metric  g� We will use this result afterwards for
our formulation of cosmological perturbation theory� which will thus become
much easier to handle�

First� we note that curvature de�nes� di�erential forms �i
j � called cur�

vature forms� like

R�X� Y �ej �
 �i
j�X� Y �ei�

In components�

�According to ���� p� ���



�	� Cartan Formalism 


R�� 
 ��
��e�� e��� ����

As will become clear using ����� the de�nition of 
 and the properties
of 
ij �

��� 
 �����

It follows that

��
� 
 ������ 
 ���� 
 ��� 
 


��
i 
 ���i 
 �i� 
 �i

��

Applying our ��� split� we get the components of the Ricci tensor with
time� time�space and space coordinates expressed in curvature forms�

R�� 
 �i
��ei� e�� 
 ��

i�ei� e��

R�i 
 �j
��ej � ei� 
 ��

j�ej � ei�

Rij 
 ��
i�e�� ej� � �k

i�ek� ei��

Let us look at how far we already get calculating the Einstein tensor�
The G�� component is

G�� 
 R�� � �

�
���R 
 R�� � �

�
���R

�
�


 R�� �
�

�

�
R�

� � Ri
i

�

 R�� �

�

�

�
���R�� � �i�R�i

�

 R�� � �

�
R�� �

�

�
Rii 


�

�
�R�� �Rii�



�

�

�
��

i�ei� e�� � ��
i�e�� ei� � �k

i�ek � ei�
�



�

�
�k

i�ek� ei�� ����

and since e� does not appear in this or the R�i equation anymore� and since
according to ��� ei 
  ei� G�� and R�i depend only on the curvature forms
that are de�ned on the tangent space T ����

R�i 
 ��
j� ej �  ei� ����

G�� 

�

�
�k

i� ek�  ei�� ����
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�	�	� Cartan�s Equations Of Structure

The equations of structure give us a link between the curvature forms and
the so�called connection one�forms� and with a Cartan lemma we can replace
the connection one�forms with functions that have a direct expression in the
metric and the lapse function� This way� at the end we will have the Ricci
tensor and therefore also Einstein�s equations in terms of the metric� which
is what we are looking for�

We start with the �rst equation of structure� for the connection one�
forms 
�� on a manifold �M� g�� in an orthonormal basis��

d	� � 
�
i 
 	i 
 
 ����

d	i � 
i� 
 	� � 
ij 
 	j 
 
� ����

They are zero because we are working in a background where the torsion is
zero�

In orthonormal bases�


�� 
 �
�� �

as ��� shows in chapter �� and therefore


�
i 
 
i�


ij 
 
ij �

Evaluated on T ���� ���� and ���� yield

�

�

i 
  	i
�
T �	



 
 �����
d 	i � 
ij 
  	j

�
T �	



 
� ��	�

A lemma from Cartan� applied to the �rst equation ���� leads to the
existence of functions Kij 
 Kji with


�
ijT �	
 
 �Kij

 	j �

Equation ��	� compared to ���� yields


ij jT �	
 
  
ij �

We can calculate the curvature forms with the second equation of struc�

ture�

�These equations are derived in ���� p� ��� for example�
�A de�nition of connection one�forms and another derivation of these equations can be

found in the comprehensive chapter � of ����
�Cartan�s lemma can be found in ���� p� ����
�A derivation of the second equation of structure can be found in ���� chapter ��
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��
� 
 d
�� � 
�� 
 
�� � ����

Note that d is the exterior derivative�
It is shown above that ��

� 
 
� We only have to calculate �i
j and �i

��

�i
j jT	
 


�
d
ij � 
is 
 
sj � 
i� 
 
�

j

� jT �	


 d 
ij �  
is 
  
sj �

�
��i�K�s

 	s
�

 ��Kjt

 	t
�


  �i
j �

��Ki
s
 	s
� 
 ��Kjt

 	t
�


  �i
j �Ki

sKjt
 	s 
  	t

And likewise

��
ijT �	
 
 �  DKij 
  	j �

with  DKij 
 Kij js 	s �
  rsKij
 	s�

We insert these results into the G�� equation ���� and R�i equation ����
and �nd

G�� 

�

�
�k

i� ek�  ei�



�

�

h
 �k

i �Kk
sKit

 	s 
  	t
i
� ek�  ei�



�

�

h�
 �k

i

�
� ek�  ei� �

�
Kk

sKit
 	s 
  	t

�
� ek�  ei�

i



�

�

�
�X
i
�

 Rii �Kk
sKit

�
 	s ek  	

t ei �  	s ei 	
t ek
��



�

�

h
 R�Kk

sKit

�
�sk�

t
i � �si�

t
k

�i



�

�

h
 R�Kk

kKtt �Kk
iKik

i



�

�

h
 R�Kk

kK
t
t �Kk

iK
i
k

i



�

�

�
 R� �tr�K���� tr�K��

�
� ��
�

R�i 
 ��
j� ej �  ei�


 �  DKjs 
  	s� ej �  ei�


 �  rlKjs
 	l 
  	s� ej �  ei�


 �  rlKjs

�
�lj�

s
i � �li�

s
j

�

 �  rjKji �  riKjj


  riK
j
j �  rjK

j
i� ����

As usual� tr denotes the trace of a matrix�
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�	�	� Cartan�s Equations Of Structure Solved

To �nd R�� and Rij � we have to solve the �rst equation of structure ����
and ����� To �nd the 
�

js and 
ijs� we �rst write the connection one�forms
in the ��� split�


�� 
 
���e��	
� � 
���ei�	

i�

With our bases de�ned in ��� and the last section� we have


�
j 
 
�

j�e��	
� � 
�

j� ei�	 
z �
�Kij

	i


 �Kij	
i � 
�

j�e��	
� ����


ij 
 
ij�e��	
� � 
ij� ei�	

i


 
ij�e��	
� � 
ij� ek�

�
 	k �

�

�
�k	�




  
ij �

�
�

�
 
ij��� � 
ij�e��



	�� ����

Inserting ���� into the �rst equation of structure ���� yields


�
j�e�� 


�

�
 rj��

and with �����


�
j 
 �Kij	

i �
�

�
 rj��

Remains to �nd the 
ijs� To calculate these� we need d	i� We de�ne

cij
 	j �
 �t 	

i�

note that d 
  d� dt 
 �t� and �nd

d	i 
  d 	i � dt 
 �t 	i �  d�i 
 dt� 



 � 
ij 
  	j �
�

�
	� 
 �cij  	j �  d�i

�
�

Inserting these d	is and ���� into the �rst equation of structure leads to

�
Kij � 
ij�e�� �

�

�
 
ij���



	j 
 	� 
 �cij �

�
	j 
 	�

�
�

�
 d�j 
 	� �  
ij 
 �	j �  	j�	 
z �

�
�
�j	 
z �

�
�
�D�j��	
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�


ij�e�� �Kij 

�

�

�
�ijj � cij �  
ij� ��

�
�

where we used jj as rj � With the useful notation 
�ij
 �

�
��
ij � 
ji� and


�ij� �

�
��
ij � 
ji� we can write the previous equation as

Kij 

�

�

�
��ijj
 � c�ij


�
����


ij�e�� 

�

�

�
��ijj� � c�ijj� �  
ij� ��

�
� ����

Now that we have found the connection one�forms 
ij � we are able to
calculate the remaining ��

js and the d	is using the equations of structure
and the Kijs� Since only the rearranging of the evolving terms is rather
complex and there is nothing new to the calculation we have already made
above� we only state the results here�

R�� 

�

�
 !��

�

�

�
�t �  L��

�
tr�K�� tr�K��

R 
  R� �tr�K��� � tr�K��� �

�
 !�� �

�

�
�t �  L��

�
tr�K�

Rij 
  Rij �Ks
sKij � �K s

i Ksj � �

�
 ri

 rj�� �

�

�
��t �  L�� �K

�
ij
�

where L� is the Lie�derivative��


The Lie�derivative is de�ned in ���� p� ��� for example�
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� Perturbation Equations

This chapter contains the derivation of the perturbed Einstein equations for
the Robertson�Walker universe� To compose these� we �rst calculate the
left side of the equation� consisting of the perturbed Ricci tensor and the
perturbed Ricci scalar� Afterwards� the perturbation of the right side of
Einstein�s equations will be found rather easily� We pay special attention
to gauge invariance� since all terms appearing after a gauge transformation
have the potential of being unphysical���

��� General Assumptions And Perturbed Metric

In the last section� we have calculated all quantities necessary to compose
the Einstein tensor G�� in the ��� formalism� We will use the ��� idea
also to deal with perturbations�

At the heart of our calculations lies the assumption that our universe
is homogeneous and isotropic on large scales and can be described with
theories where distances are measured according to the Robertson�Walker
metric� which looks like

g 
 �a�t�� �dt� � �ijdxidxj
�

����

in its most general form� This corresponds to a ��� split� where the �ij
metric lives on the � spaces de�ned in the �rst section� three�dimensional
spaces with constant curvature� To factor out a�t��� we have to write this
equation in the conformal time t �usally denoted �� but we will stick to t

because it makes the following equations a little more familiar�� Remember
that we can write the line element

ds� 
 g��dx
�dx�


 �dt� � a�t��d��


 �a�t����� � d����

where � �
 dt
a
is the conformal time� Appendix A contains the derivation of

Einstein�s equations in this metric�
Of course� there are other metrics that describe our universe well on big

scales� But the crucial advantage of using the Robertson�Walker metric is
the fact that we are then calculating on a sphere and we can look up in a
handbook of mathematics that for every sphere� there exists a basis Y�k
 of
the harmonic functions of the sphere� This means that

�!��
 � k��Y�k
 
 
� ����

One uses the terms scalar perturbations� vector perturbations and tensor

perturbations to distinguish perturbations according to their behavior under

�	See ���� p� � and p� �� for more on problems associated with gauge transformations
and a complete account of useful gauges in cosmological perturbation theory�
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coordinate transformations� In this paper� we are only looking at density
�uctuations� this means we will only have to look at scalar perturbations�
since the perturbation equations decouple�

What will perturbations of scalar� vector and tensor quantities look like�
given that Y�k
 is a basis of the harmonic functions of the sphere we are
working on� There is an immediate answer to this question� Perturba�
tions of scalar quantities can be developed in terms of Y�k
� perturbations

of vectors in r��

i Y�k
 and perturbations of tensors over T ��� in Y � �ij or

r��

i r��


j Y�k
�
��

Therefore� scalar perturbations of the Roberton�Walker metric are pa�
rameterized by four functions� which are historically called �� 
� B� and E�

Throughout the paper� � without indices denotes perturbed quantities�
e�g� the metric is written as

g 
 g��
	
z�

th order

� �g	
z�
�st order

� ��	�

The coe"cients of ���� are

g
��

tt 
 �a� ����

g
��

ti 
 
 ��
�

g
��

ij 
 a��ij � ����

With the parameterization by �� 
� B� and E� we make the following
Ansatz�

�gtt 
 ��a�� ����

�gti 
 �a�riB ����

�gij 
 ��a� �
�ij �rirjE� � ����

Then� the most general scalar perturbation of the metric is

�g 
 a�
����dt� � �riBdx

idxt � ��
�ij �rirjE�dxidxj
�
� ����

We wrote ri instead of r��

i � and ! instead of !��
 � we remember that we

are working on the �s in what follows�
Now� ��
� is g 
 g��
��g in the ��� formulation� From there� it follows�

that

gtt 
 ��� ����

gti 
 �i� ����

��A mathematical proof of this can be found in ���� p� ����
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Because �and that is an idea we will use frequently�� according to ��	�� we
must treat � like a derivation� meaning

g 
 g��
 � �g


� gtt 
 g
��

tt � �gtt

��� 
 �����
 � ����


 ����
�� � ����
��� ������

we get through comparison �leaving out the ����� to �rst order�

�gtt 
 ������
so we must have 	�

��	�

 �� because of our Ansatz �����

The perturbations of the inverse metric are easy to calculate with

�g�� 
 �g��
��g��
�
�g�
� ��	�

which yields to �rst order� after insertion of the inverse values of ����
and following equations�

�gtt 

�

a�
�

�gti 
 � �

a�
�ijriB

�gij 

�

a�

h

�ij �Ejij

i
� ����

We denoted rirj by jij �

��� Gauge Transformations Of 
�� 	� Tensors

In this context� a gauge transformation equals a coordinate transformation
of the perturbed �rst�order quantities��� To �rst order� it su"ces to consider
in�nitesimal coordinate transformations� The simplest in�nitesimal coordi�
nate transformation is to add a vector to each point in �� which can be
realized by adding a vector�eld X��

x� �� x� �X��

and we imagine this added vector �eld to perturb the considered system� so
we write

x� �� x� � �x�� ��
�

How does the perturbation of a tensor generally transform under an
in�nitesimal coordinate transformation caused by a vector �eld� Consider
a �
� �� tensor

����� provides good background on p� ����



�	� Gauge Transformations Of �
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T 
 T��dx
�dx� �

the perturbation of which looks like �remember that we have to treat � like
a derivation�

�T 
 ��T��dx
�dx��


 T�����x
�dx�dx� � T��d��x

��� dx� � T��dx
� � d��x��



�
T����X

� � T��X
�
�� � T��X

�
��

�
dx�dx�


 LXT � dx�dx� �

where we used d��x�� 
 X�
��dx

�� By de�nition� LXT is the Lie derivative

of T regarding X��� So the perturbation of a �
� �� tensor T transforms like

�T �� �T � LXT ����

under a gauge transformation� Applied to our metric g� which is also a �
� ��
tensor� we get

��g��� �� ��g��� �X�g���� �X�
��g�� �X�

��g�� � ����

For our metric ����� the components of the Lie derivative are

�LXg�ij 
 X tgij�t � Xkgij�k	 
z �
a�rk�ij
�

� Xs
�igsj �Xs

�jgis	 
z �
a���isrjXs��jsriXs�

� ����

which yields for the ��� formulation

�LXg�tt 
 X tgtt�t � a� ��tsrtX
s � �tsrtX

s�


 X tgtt�t � �a��tt�tX
t


 �X t � �a #a� �a� #X t


 ��a�
h
#X t �HX t

i
����

�LXg�it 
 �a�
h
X t

�i � �ij #Xj
i

����

�LXg�ij 
 �a�
h
H�ijX

t � �s�iX
s
�j


i
� ����

where �a
a
�
 H � as usual in cosmology�

It is not hard to imagine that for scalar perturbations there must exist
functions T and L such that

X t �
 T� X i �
 �ijL�j �

In this case we write the Lie derivatives of the metric like

��Refer ���� p� ��� for a general de�nition�
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�LXg�tt 
 ��a�
h
#T �HT

i

 ��a �aT ��

�LXg�it 
 �a�
h
T � #L

i
�i

�LXg�ij 
 �a� ��ijHT �rirjL� �

We can determine how our potentials �� 
� E� and B from the previous
section transform under gauge transformations�

�gtt �� �gtt � �LXg�tt


� ��a�� �� ��a�
h
� � #T �HT

i
�gti �� �gti � �LXg�ti


� �a�Bji �� �a�
h
B � T � #L

i
ji

�gij �� �gij � �LXg�ij


� ��a� �
�ij �rirjE� �� ��a� ��
 �HT ��ij �rirj�E � L�� �

Therefore� the four potentials transform like

� �� ��
h
#T �HT

i
����


 �� 
 �HT ��	�

B �� B �
h
T � #L

i
����

E �� E � L� ��
�

��� Gauge Invariant Bardeen Potentials

With the four potentials �� 
� B� and E and the two gauge freedoms T and L�
one can �nd two gauge invariant potentials� which of course are not unique�
The simplest two gauge invariant potentials are the Bardeen potentials �
and $�

� �
 �� �

a

h
a� #E �B�

i�
����

$ �
 
 �
#a

a

h
#E � B

i
� ����

These gauge invariant potentials are crucial to cosmological perturbation
theory� We will use them to �nd gauge invariant quantities of matter�

Two short calculations show that the Bardeen potentials are really gauge
invariant� Using equations ���� to ��
� in the Bardeen potentials� we have

� � �

a

h
a� #E �B�

i� �� �� #T �
#a

a
T � �

a

h
a
�
#E � #L�B � T � #L

�i�
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 �� #T �
#a

a
T � �

a

h
#a
�
#E � #L�B � T � #L

�
�a

�
�E � �L� #B � #T � �L

�i

 �� #T �

#a

a
T � #a

a

�
#E �B � T

�
�� �E � #B�� �T


 �� �

a

h
a� #E � B�

i�

� � �� �


 �
#a

a

h
#E �B

i
�� 
 �H #T �

#a

a

h
#E � #L�B � T � #L

i

 
 � #a

a
T �

#a

a

h
#E �B

i
�

#a

a
T


� $ �� $�

�	�	� The Longitudinal Gauge E 
 B 
 


If we use our gauge freedoms T and L and de�ne them like

L �
 �E� T �
 � #E �B� ����

we see from ���� and ��
� that

E �� 
� B �� 
�

Obviously� in this case we can set E 
 
 and B 
 
� because they will
be zero after the gauge transformation anyway � but then we have chosen a
gauge� We have lost our gauge freedoms L and T � de�ning them as above�
This is called the longitudinal gauge� It will make our calculations much
easier that we can drop some terms in the �gs� when we are calculating the
perturbations of �G�

� in the longitudinal gauge �see ���� to ������ And the
result will immediately be gauge invariant� because in this gauge

� 
 �longitudinal � $ 
 
longitudinal � ����

Of course� there are many other gauges �t to other needs���

��� Perturbations Of The Einstein Tensor

This section will provide the �G�
� equations� the left side of the perturbed

Einstein equation� Analogous to ��	�� we write

G 
 G��
 � �G�

We are now choosing the longitudinal gauge de�ned in the previous sec�
tion� In this gauge� the perturbations of the metric are

��See ���� p� �� and following pages for an overview of useful gauges and their applica�
tions�
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�gtt 
 ��a��
�gti 
 


�gij 
 �a� �
�ij� 
 �g��
ij �
�

which we get from the �gs within our Ansatz ���� to ���� with E 
 B 
 
�
We do not have to worry about gauges� since our results will by themselves
be gauge invariant according to �����

From the ��� split� we know that a metric g has the general form ��
��

g 

���� � �i�i

�
dt� � ��idtdx

i �  gijdx
idxj �

Working with the Robertson�Walker metric ����� we know there are no
o��diagonal terms gti� so the �s must be zero �which is in accordance with
our notion that time stands normal to the �s� the shift vector on � vanishes��
So we are actually working with a metric of the form

g 
 ���dt� � gijdx
idxj� ����

From now on we leave out the bar that distinguished quantities on � �
otherwise� we would have had  gij in the previous equation�

Looking at ����� we have

�����
�� 
 g
��

tt 
 �a� 
� ���
 
 a�

and with � 
 	�

��	�
�

�� 
 a�� ����

We raise the �rst index in the equations for Einstein tensor� Ricci tensor
and Ricci scalar� found in the ��� formalism� and have the equations we
start with�

Gt
t 
 ��

�
R�g� �

�

�

h
Ki

jK
j
i �Ki

iK
j
j

i
����

Gt
i 


�

�

�
rjK

j
i �riK

j
j

�
��	�

Ri
j 
 Ri

j�g� �Ks
sK

i
j � �Ki

sK
s
j �

�

�

h
rirj� � gis #Kjs

i
����

R 
 R�g� �Ki
jK

j
i �Ki

iK
j
j �

�

�

h
!�� #Ks

s

i
� ��
�

Our task is now to calculate the perturbations of every single term� which
means we have to calculate the perturbations of the Kijs and the Rijs on ��
Then� we can compose the perturbations of ���� to ��
� and we are �nished
with the perturbations of the left side of Einstein�s equations�
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�	�	� Perturbation Of Kij

We only have given and we only need the Robertson�Walker metric to calcu�
late the Einstein tensor� and since G is composed of the Kijs� we can express
the Kijs in terms of the metric�

We make use of the so�called �th equation of structure�� �remember Car�
tan�s equations of structure from the preliminaries� this is another one that
is quite similar��

dgik 
 
ik � 
ki� ����

On the left side� we have the total di�erential of g� and since the metric is
only dependent on time�

dgik 
 #gikdt 
 #gik
	�

�
�

with ���� Now we calculate

#gik
	�

�

 
ik � 
ki


� �

�
#gik 	

��e��	 
z �
�


 
ik�e�� � 
ki�e��


 �Kik �
�

�

�
�ijk � cik �  
ik� ��

�
�Kki �

�

�

�
�kji � cki �  
ki� ��

�

 ��Kik


� Kij 
 � �

��
#gij � ����

Here� we used a lot of facts we ran across before� ���� and ����� d�d 	i� 

d�dxi� 
 
 
� cik 
 
� and we remembered that we are working in the
longitudinal gauge� where there must not exist any �s in metric g ����� so
the  
� ��s and �ijks are zero�

Since g
��

ij 
 a��ij � we have

#g
��

ij 
 �a #a�ij 
 �Ha��ij 
 �Hg

��

ij �

It follows to 
th order

K
��

ij 
 � �

����

#g
��

ij 
 � �

�a
�a #a�ij 
 � #a�ij


� K
��

ij 
 ��

a
Hg

��

ij � ����

In the longitudinal gauge�

��This equation is derived in ���� p� �� and following pages�
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� #gij 

���a�
�ij��


 �� � �a #a
�ij � �a� #
�ij


 ��
 #g
��

ij � � #
g

��

ij


 ��
�Hg
��

ij � � #
g

��

ij


 ��g��
ij

h
#
 � �H


i
�

and therefore� because the perturbation of Kij is the �rst order term of ����

expanded around K
��

ij �

�Kij 
 ��
�

�

��

�
	 
z �
� ��

����	���

#g
��

ij	
z�

�Hg
�	�
ij

� �

��
� #gij



�

���


���� ��

���
	
z�
�

�Hg
��

ij � �g

��

ij

�
#
 � �H


�����



�

a
g
��

ij

h
H�� #
 � �H


i
�

We use this result and g 
 g��
 � �g to calculate

�Ki
j 
 �

�
gilKlj

�

 �gilKlj � gil�Klj


 �gil
h
K

��

lj

� �Klj

i
�
h
g��
il � �gil

i
�Klj


 � �

a�

�il

�

a
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lj

�
�

a�
�il

�

a
g
��

lj

h
H�� #
 � �H


i



�

a�
�ilg
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lj

h
H�� #


i



�

a�
a��il�lj

h
H�� #


i



�

a
�ij

h
H�� #


i
�

Notice that we can leave out all � � � � � � � � � terms since they would not
yield something not to �rst order anymore� The calculation for �Kij is
almost the same� Consolidated� we �nd for the perturbations of Kij �

�Kij 

�

a
g
��

ij

h
H�� #
 � �H


i
����

�Ki
j 


�

a
�ij

h
H�� #


i
����

�Kij 

�

a
g��
ij

h
H�� #
 � �H


i
� ����
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Looking at ���� to ��
�� we also need the perturbations of the Ks
sK

i
js

and the Ki
sK

s
is�

��Ks
sK

i
j� 
 �Ks

sK
i
j �Ks

s�K
i
j


 �Ks
s

h
K

��
i
j � �Ki

j

i
�
h
K��
s
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s

i
�Ki
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 �Ks
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ilK
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lj � gskK
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ks �K

i
j


 �Ks
s

h
g��
il � �gil

i
K
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h
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sk � �gsk

i
K
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ks �K

i
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a
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a
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lj	
z�

a��lj
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�sk
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a
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a
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a
H
�
H�� #


�
�ij ��

s
s � �ss�	 
z �
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 ��H

a�

�
H�� #


�
�ij �

A similar calculation for Ki
sK

s
i gives almost the same result� We have

��Ks
sK

i
j� 
 ��H

a�

�
H�� #


�
�ij ����

��Ki
sK

s
i� 
 ��H

a�

�
H�� #


�
� ��	�

The necessary derivations of the 
th order terms are seen to be

h
K

��

ij

i�

 ��

a

h
#H �H�

i
g
��

ij ����h

K
��
i
i
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h
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�
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a
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�
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�
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�



�

a

h
H� � #H

i
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�

and the �st order terms become in the same manner

� #Ki
i 


�

a

h
� #H �H����H� #�� #
� � �


i
����

� #Ki
j 
 �

�
gis #Ksj

�



�

a

h
� #H �H����H� #�� � #
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i
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From ���� and ��
�� we get directly�

�
�

�
#Ki
i

���




�

a�
�H� � #H� �����

�

�
gis #Ksj

���



 � �

a�
� #H �H���ij � ����

The perturbation of the �rst equation is� if we consider the last few equa�
tions�

�
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 �
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and the perturbation of the second equation is analogous� This yields
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Finally� we need the covariant derivative of Kij in 
th and �st order�
But this is not so complicated as it may seem� because from ����� we get

K
��

ij 
 ��

a

#a

a�
a��ij 
� rkK
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ij 
 
�

and therefore� to �rst order�
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�
�
j
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a
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These are all necessary perturbations in Kij to compose the perturbation
of the Einstein tensor� once we know the perturbations of the Ricci tensor �
and this will be our next aim�
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�	�	� Perturbation Of Rij

We borrow the following equation���

R
��

ij �g

��

ij � 
 �K�ij� ��	�

With the following idea� we can calculate the �st order quantities rather
elegantly� A conformal transformation is a transformation where

g
��

ij �� ��g

��

ij 
� egij � ����

Conformal transformations�� conceive the casual structure� and it is gen�
erally true that

R
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ij �� eRij 
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i r��
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ij !��
�ln��

��r��
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j ln��� g
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ij �r��
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�

With � �
 �� 
� we consider the conformal transformation

egij 
 ��� 
��g
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ij � �	��

and expand egij around g
��

ij �

egij 
 g
��

ij � �
g

��

ij � � � � � �	��

but with ���� in the longitudinal gauge�

gij 
 g
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ij � �gij 
 g
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ij � �
g
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ij � � � � � �	��

So gij and egij are identical to �st order� It follows immediately that

eRij 
 R
��

ij � �Rij � � � �
 Rij �	��

to �st order� So we �nd �Rij as the �st order term of the expansion of eRij

around R
��

ij � With

ln� 
 ln��� 
� 
 �
 �O�
���

we �nd according to �	
��

eRij 
 R
��

ij � �r��


i r��

j � g��
!�
 �O�
��


� �Rij 
 �rirj � �ij!�
� �	��

��From ���� p� ���� It can be applied here because we restricted ourselves to the
homogeneous� isotropic universe� and the Latin indices indicate we are working only in
three dimensions�

��The necessary background about conformal transformations and the idea we use here
are contained in ���� appendix D�
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This is everything we need to calculate the perturbation of the Ricci
scalar R�g� in the right side of ��
��

�R 
 ��Ri
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 ��gijRij�


 �gij�R��
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Do not confuse R�g� with the left side of ��
�� we only left the bars out�
With the same kind of calculation� the perturbation of �Ri

j is

�Ri
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Now we have got all necessary quantities to compose ���� to ��
�� Keep
in mind that we are working in metric ����� and that we must not consider
products of perturbed quantities� since two �st order terms multiplied yield
something in �nd order�
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The calculations of �R and �Ri
j are alike� but we need
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With the same kind of calculations as above� only a little more terms
involved� we �nd
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where the operators work on ��
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Finally� we compose the perturbations of the Einstein tensor like
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This is only a short calculation with the quantities from the last section�
Using the transformation
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with the Bardeen potentials ���� and ����� we �nd the gauge invariant ex�
pressions
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��� Perturbations Of The Stress�Energy Tensor

Until now� we only cared about the left side of Einstein�s equations ������
Now we turn to the right side and ask ourselves what perturbations of T��
with a Robertson�Walker background must look like� Once again we �nd
that four potentials parameterize T�� �

scalar quantities �Ttt density �uctuations

vector quantities �Tti � ri�scalar function�
�uctuations in four�velocity

tensors tr��Tij� isotropic pressure �uctuations
�T

ij traceless anisotropic pressure �uctuations

Calculating ��T ��� is not that hard when we consider the four�velocity
u� �
 �u�� v� to be a normalized eigenvector of T �

� with eigenvalue ���

g��u
�u� 
 �� ��

�

T �
� u� 
 ��u� � ��
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The second condition is plausible in the following way� According to ��	���

T
��

�� has only diagonal entries for a perfect �uid� which we will restrict

ourselves to in dealing with a Robertson�Walker universe��� Then we see
from ��
�� in comparison with ��	�� that the spacial components of the
four�velocity to 
th order become u��
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From the form ��	�� of T�� for a perfect �uid� we see that
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When we calculate the perturbations �T�
� � we will need the perturbations
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��A comprehensive treatment of perfect �uids in connection with the stress�energy tensor
is given in chapter �� of ����
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Nowwe can get the perturbations of the time and space�time components
of T�� from ��
��
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We stated above that the four velocity contains the vector v which van�
ished to 
th order� But of course it appears in �ui� and with this fact we
sum up the results of this chapter�
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Don�t let the new � from ��
�� confuse you� it is called density contrast and
just a quantity de�ned to help us write equations simpler� and regarding the
new function %� we will later see what it is good for� For now we only state
its de�nition
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We now have parameterized �T �
� by 	




� v� �P � and %�
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��	 Gauge Invariant Matter Quantities

The perturbations of the Einstein tensor are formulated in a gauge invariant
manner in ���� to ����� We are now formulating the perturbation equations
for the �T �

� in a gauge invariant manner also� starting by calculating the
gauge transformations

�T t
t �� �T t

t � �LXT �
t
t

�T i
j �� �T i

j � �LXT �
i
j

�T t
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where we �nd the Lie derivatives in the same way as in �����
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 &T #P�ij

�LXT �
t
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 �� &Tji � P�ij

&Tjj 
 ���� P � &Tji�

Here� &T denotes the gauge freedom T from ����� to distinguish it from
the stress�energy tensor� Comparing the last few equations� we �nd the
transformation of the four potentials describing the perturbations of T �

� to
be

�� �� ��� &T #� �����

�P �� �P � &T #P �����

�v �B� �� �v �B � &T � �����

% �� %� �����

The task is now to �nd gauge invariant quantities for ����� to ������ since
only % is gauge invariant� Note that in all three cases we have to consider�
there is always the function &T appearing after the transformation with a
derivation of the unperturbed quantity which was put in on the left side�
Looking at ���� and ��
�� we can compose these two functions to #E � B�
which transforms like

#E � B �� #E � B � &T

in the notation we use now�
Of course� this solves our problem� Adding #E � B times the negative

of the factor that appears after the gauge transformations ����� to ����� to
any unperturbed quantity gives the three new gauge invariant potentials
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V is called the gauge invariant velocity� �s is called the gauge invariant
density contrast�

Directly from Einstein�s equations� one �nds��

#� 
 ��H��� P �� �����
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c�s �

#P

#�
� �����

and �nd from �����

�s 
 � � �H��� w�� #E � B�� �����

Note that we �nd two of the gauge invariant potentials from matter
quantities alone� The �rst is the anisotropic part of �T i

j parameterized by
%� For the second� we use ����� and ����� to �nd an expression that must
be equal to �� since we used all transformations ����� to ����� to �nd the
gauge invariant potentials except for ������
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It follows from � 
 
 that 	P
	




�P
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� In this way� the adiabatic

perturbation has gauge invariance meaning� and in general� � parametrizes
the entropy production of a perturbation�

We state another way to write the density contrast� which we will use
afterwards�
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 �s � ��� � w�$ �����

� �
 �s � ��� � w�HV� �����

It will always be clear from context that � cannot be the Laplace operator�
With all gauge invariant quantities �s� V��� and %� we write the pertur�

bations of T �
� in gauge invariant manner� using ��
�� to ���
��
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These equations are easily found with a little algebra� except for �T i
j � for

which we need both equations for ��

�
As is shown in ���� p� ����
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We arrive at the gauge invariant expressions for Einstein�s equations on
both sides�
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The last two equations correspond to the traceless part and the trace of
�Gi

j �
From ������ we �nd the di�erence of the gauge invariant Bardeen poten�

tials to be
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what must correspond to the anisotropic pressure�
Insert ���
� into ����� to �nd

�!� �K� $ 
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The previous two equations yield expressions for the gauge invariant
Bardeen potentials in quantities of matter
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where we have to remember that� is an expression for the density contrast�
whereas ! stands for the Laplace operator�
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� Application Of The Perturbation Equations

The perturbed Einstein equations alone do not impress us very much� We
need to apply them to real problems to see what they are useful to� Remem�
ber from the introduction that we wanted to �nd out whether galaxies can
be the end products of density �uctuations � this chapter will give a hint
�although there is more to the answer than we can include here��

First� we calculate the evolution of the gauge invariant density contrast
and the gauge invariant velocity through application of the stress�energy
conservation� Afterwards� we �nd the sources of density �ucuations� rear�
ranging the fundamental equations we have found in the �rst section� At
the end� we will state a solution for a universe �lled only with dust and
radiation�

��� Evolution Of Density Contrast And Velocity

With all we have achieved until now� we can without great e�ort calculate
the evolution of � and V � These quantities bear information about how our
universe evolves over time� We will get the evolution equations for � and
V from the conservation of the stress�energy tensor

� �T�
� '�� 
 
�

for � 
 i and � 
 t� respectively� Here� the semicolon ' denotes covariant
di�erentiation� which is de�ned such that
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 like in the appendix�
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Then� a short calculation shows that
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Everything in these equations is known except for the ��s� which one
gets through direct computation
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These are all necessary quantities to calculate the perturbation of the
stress�energy conservation�
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but these equations are not gauge invariant yet� We have to insert the gauge
invariant quantities we know so far�
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Now we can write ����� and ���
� in gauge invariant form�


 
 #�g � ��c�s � w�H �g ��� � w�!V � �Hw� �����


 
 �� � w�
h
#V �HV ��� �c�s� � � � �c�s$

i
� w�

�c�s �g �
�

�
w�!� �K�%� �����

Collecting all c�s�terms and inserting � from ����� yields
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Here we insert ����� for �g� bring the perturbed Gt
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� into the form
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Equations ����� and ����� are the fundamental equations for the evolu�
tion of � and V � They are two coupled ordinary di�erential equations for
� and V �

��� Sources Of Density Fluctuations

If we want to explain the existence of galaxies� we have to understand the
evolution of the density contrast� and of the velocity V � We have achieved
this with the last section� but we do not see yet where the density �uctuations
stem from�

To discover that� we consider a decomposition of our gauge invariant
quantities �� V�%� and � in modes� expanded in Y �k
� We remember that
according to ��
	� and ������ V parameterizes a gradient and according to
������ % parametrizes a twofold covariant derivative�

Thus� for such a decomposition�

� �� ��k
� � �� ��k
� V �� ��

k
V�k
� % �� �

k�
%�k
�

�Consider a fourier transform to �gure out the k�factors� k stands for the
wave number�� With the same argument� for the Laplace operator�
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Our fundamental equations for the evolution of � ����� and V �����

then become�
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whereK denotes the curvature and k the wave number� To illustrate this sit�
uation� we must remember that what we are looking at are still stress�energy
conservation equations� which we brought in a form where the evolution of
the density contrast � and the velocity V becomes obvious� It is intuitive
to imagine the density �uctuations described by these equations to spread
as waves with wavelength � and wave number k�

With �




 ��H�� � w���� we can write the left side of ����� as

#�� �wH� 

��a����
a��
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This shows that ��wH� is the adiabatic change of the density contrast�
caused by cosmic expansion�

Through elimination of V in ����� and ����� one can get �after a fairly
complicated but only algebraic calculation�
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with the background functions
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The left side of ����� is determined by the density contrast in second
order and on the right side we have � and %� From ����� and ����� and
their remarks we can conclude that the sources of density �uctuations are

entropy perturbations � and anisotropic pressure perturbations %���

�	A direct consequence from Einstein�s equations in a Robertson�Walker universe� see
���� p� ����

������ p� �� and following pages� gives an account on how the e	ects of � and � can be
estimated and how the exact solutions can only be found if we treat matter as a perfect
�uid�
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��� Solution For A Universe Filled With Dust and Radiation

Finally� for ease of use� we document the solution for a dust�radiation uni�
verse� We exactly follow Kodama and Sasaki in ����

For the following calculations� we introduce a new variable � � ea in
place of the conformal time t� de�ned by
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reduced wavelength of perturbation

radius of Hubble horizon
� �����

we see the sense of Hl in ������ We are interested in how large perturbations
are compared to the hubble horizon H�� and how fast they grow with time�

� shall be de�ned such that � 
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d��
d��

� �

�

d�
d�

�

�
c�s
f�
� � � �

��



� 
 S �����

S 
 � w

f�

�
�� �

�
%



�

�

�

�
�w� � �c�s � �w

�
%� �w

�

d%

d�

with the background quantities

� �
 ��

�
��� �w� � �� �c�s

� �
 ��

�
��� �w���� �w� � ���� �c�s�

f �
 Hl��

If we only consider density �uctuations in a universe that is only �lled
with dust� meaning pressure�free particles� and radiation� we must have��

� 

�

�
��� �

�

�
���

P 

�

�
����

and therefore� with z �
 � � ��

������ p� ���
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w 

P

�



�

�z

c�s 

#P

#�



�

��� � �z�
�

For adiabatic perturbations is S 
 
� and if the perturbations extend far
beyond the horizon� cs

f
� ��

d��
d��

� �

�

d�
d�

�

�
�� � �

��



� 
 


In this form� we can solve ����� analytically� With the previous equations
for �� �� w� and c�s� one �nds

d��
dz�

�

�
�

�z
� �

�z � �

�
d�
dz

�

�
��
�

�z � �
� �

z
�

�

�z�
�

�
�

z � �
� �

�z � ���

�
� 
 
� �����

To �nd the general solution of this di�erential equation� Kodama and
Sasaki make the Ansatz��

� 

u�z�p
z�z � ��

�

obviously to get rid of the factor that comes with �� which simpli�es the
equation a lot� Now� we can write ����� as

d�u

dz�
�

�
�

�z
� �

z � �
� �

�z � �



du

dz

 
�

which has the general solution

u�z� 
 c�
�p
z

�
z� � ��

�
z� �

�

�
z � �

�

�
� c��

c� and c� are arbitrary integration constants� This means for ��

��z� 
 AU��z� � BU��z�

U� 


�
c�

�p
z

�
z� � ��

�
z� �

�

�
z � �

�

�

U�

U� 

�p

z�z � ��
�

A and B are arbitrary constants� and c has to be determined�
In the matter dominated era� where z � �� obviously U� � ��

�
� and

U� � �� These are the decaying and growing modes in the matter dominated
era�

������ p� ���



Einstein�s Equations In The Robertson�Walker Metric ��

A Einstein�s Equations In The Robertson�Walker

Metric

In this appendix� we manually calculate Einstein�s equations for a Robert�
son�Walker universe� The sense of doing so is to get insight into what the
Robertson�Walker metric is all about� how the �s work� and what Einstein�s
equations looks like in this metric� It yields a set of coupled di�erential
equations for a�t�� �� and P � which then describe a homogeneous� isotropic
universe� Remember that this is one of only few exact solutions of Einstein�s
equations�

Using a 	�	 formulation that separates space and time from the angular
coordinates is a rather elegant way of dealing with the Christo�el symbols
appearing in the Riemann Tensor� This in itself is worth reading if one is
not familiar with that idea�

A�� Aim And Plan

Our aim is to write Einstein�s equations

G�� 
 	�T��� �����

in the explicit form for a homogeneous� isotropic universe� which can be
described using the Robertson�Walker metric introduced below�

The left side consists of the Einstein tensor��

G�� 
 R�� � �

�
g��R� �����

The Ricci tensor R�� is the contraction of the Riemann tensor R�
��� � The

Ricci Scalar R is de�ned by R 
 R
�
�� Of course� we can raise and lower

indices after we introduce a metric in the usual way �for example� R�
� 


g��R����
After these remarks� we can write the Einsteintensor ����� as

G�� 
 R�� � �

�
g��

�
g��R��

�
� ���	�

We will use the Robertson
Walker Metric which is �t to describe a ho�
mogeneous� �at universe� In this metric� the line element becomes

ds� 
 �dt� � a�
dr�

��Kr�
� a�r�

�
d�� � sin� �d��

�
� �����

We used the notation a 
 a�t� for the cosmic scale factor and K for the
constant curvature� Obviously� we are working with the four coordinates
t� r� � and �

According to ����� � the plan is now to calculate all the Riemann tensors
to �nd the Ricci tensors and the Ricci scalar necessary for the left side of
Einstein�s equation ������

��As Wald explaines in chapter ��� of ����



A	� Explicit Form Of The Robertson�Walker Metric ��

Since we can in our case calculate the components of the Riemann tensor
by��

R�� 
 R�
��� 
 ������ � ������ � �����

�
�� � �����

�
�� � ���
�

we have to concentrate on a comfortable way of calculating the Christo�el
symbols���

���� 

�

�
g�	 �g	��� � g	��� � g���	� � �����

A�� Explicit Form Of The Robertson
Walker Metric

By de�nition�

ds� 
 g��dx
�dx� �

and since there are no o��diagonal terms�

ds� 
 g��dx
�dx� 
 gttdt

� � grrdr
� � g

d�

� � g��d�
�� �����

The comparison of the coe"cients of ����� and ����� yields

g�� 


����
�� 
 
 



 a�

��Kr�

 



 
 a�r� 


 
 
 a�r� sin��

���� � �����

with the inverse matrix

g�� 


����
�� 
 
 



 ��Kr�

a�

 



 
 �
a�r�




 
 
 �

a�r� sin��

���� � �����

A�� ��� Formulation

If ones has to calculate Christo�el symbols ����� in the Robertson�Walker
metric� a simple idea makes life a lot easier� Separate the t and rcoordinate
from the � and � parts� The �s consist of derivations of the metric� and
one knows e�g� that only the g�� depends on an angle� namely on �� If we
use small letters for t or r and capitals for the angular coordinates� the last
sentence means

g���A

� �
 
 if � 
 � 
 �


 
 else
� �����

��See chapter � of ��� for a proof�
��The Christo	el symbols are introduced in a general context as components of a con�

nection in chapter � of ����



A	� Calculation Of The �s �


Such ideas consequently applied calculating the �s and adding them to
yield the Riemann tensor will make things rather easy to calculate by hand�

We write the Robertson�Walker metric ����� like

g 
 �dt� � a�
dr�

��Kr�	 
z �
gttdt��grrdr�

� a�r�d��	 
z �
F ��r�t
d��

�

where the elements of ����� appear and we absorb the factor a�r� in a new
function F ��r� t� and the angular parts of the metric in d���

So we can write the metric as

g 
 egijdxidxj � F �bgABdxAdxB
using our convention for small and capital latin letters� i 
 t� r' j 
 t� r'A 

�� �'B 
 �� �� The eg part now only depends on t and r� while bg depends
only on � and ��

A�� Calculation Of The �s

The ��� formulation leaves us with only six di�erent cases of Christo�el
symbols ������ namely

�i jk��
i
Aj ��

i
AB��

C
AB ��

C
Ai��

C
ij � �����

Calculating and then inserting t� r� � and � into ����� gives an overview
of all Christo�el symbols�

�i jk 

�

�
gil �glj�k � glk�j � gjk�l� �����

�iAj 

�

�
gil �glA�j � glj�A � gAj�l� ���	�

�iAB 

�

�
gil �glA�B � glB�A � gAB�l� �����

�CAB 

�

�
gCD �gDA�B � gDB�A � gAB�D� ���
�

�CAi 

�

�
gCD �gDA�i � gDi�A � gAi�D� �����

�Cij 

�

�
gCD �gDi�j � gDj�i � gij�D� �����

A closer look at each case reveals the few calculations that really need
to be carried out�

����� yields two further cases� one from i 
 t and one from i 
 r�

�tjk 

�

�
gtt �gtj�k � gtk�j � gjk�t� �����

�rjk 

�

�
grr �grj�k � grk�j � gjk�r� � �����
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���	� 
 
� because it either contains non�diagonal entries of ������ which
are 
� or a derivation of glj by an angle� which is also 
 because of
������

����� yields two further cases�

�tAB 

�

�
gtt ��gAB�t�

�rAB 

�

�
grr ��gAB�r�

with the above remarks�

���
� is seen to be

�CAB 

�

�

�

F �
bgCD �F �bgDA�B � F �bgDB�A � F �bgAB�D� 
 b�CAB

if one crosses F �� The corresponding cases can be calculated easily�
We only have to consider gAB��� for we know that there can no other
derivations be involved�

����� yields two further cases�

�CAt 

�

�
gCD �gDA�t� 


�

�

�

F �
bgCD �F �

�tbgDA�



�

�

�

a�r�
bgCD ��a #ar�bgDA� 
 #a

a
bgCDbgDA 


#a

a
�CA

�CAr 

�

�
gCD �gDA�r� 


�

�

�

F �
bgCD �F �

�rbgDA�r� 
 �

r
�CA

From the de�nition of the Kronecker Delta� these two cases are �
 

only if C 
 A�

����� 
 
 for the same reasons as ���	��

With these remarks on the six cases for Christo�el symbols ����� to
������ we can calculate the complete list of Christo�el symbols by hand and
�nd�
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�ttt 
 
 �
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 �
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 �
�
 
 


�trr 
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��Kr�

�
�� 
 � sin � cos�
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 a #ar� �
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a
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 �
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 �a
a

�t�
 
 
 �

r 
 �
r
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 a #ar� sin� � �
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r

�rrr 
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�
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a
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 ��
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 �a
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 ��t� 
 �a
a
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 ���r 
 �
r

�r�� 
 �r sin� ����Kr�� ��r� 
 �
r

�iAj 
 
 �Cij 
 


�CAi 
 
 if C �
 A

A�� Calculation Of Ricci Tensor And Ricci Scalar

According to ������ the o��diagonal terms of g�� are 
� and since by �����
the �s and by ���
� even the R��s contain only diagonal terms� we have two
cases of Ricci tensors we have to calculate in order compose the Einstein
tensor�

Rij and RAB�

the RiAs are zero�
By ���
�� we have

Rij 
 R�
i�j 
 ��i��j � ��ij�� � ���j�

�
i� � �����

�
ij


 �kik�j � �AiA�j � �kij�k � �Aij�A

��klj�
l
ik � �kAj�

A
ik � �Alj�

l
iA � �ABj�

B
iA

��klk�l ij � �kAk�
A
ij � �AlA�

l
ij � �ABA�

B
ij


 �kik�j � �kij�k � �klj�
l
ik � �klk�

l
ij	 
z �


 eRijby ���
�

��AiA�j � �ABj�
B
iA � �AlA�

l
ij � �����

In the same way� we get

RAB 
 R�
A�B 
 bRAB � �kDB�

D
Ak � �ElB�

l
AE

��klk�lAB � �ElE�
l
AB � �kAB�k �
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We show the calculation of R

 with ������ the cases of Rtt� Rrr and
R�� are analogous�

Writing out equation ����� for A 
 B 
 ��

R

 
 R�

�
 
 bR

	
z�

�a


��kD
�
D

k	 
z �

�b


��El
�
l

E	 
z �

�c


��klk�
l


	 
z �

�d


��ElE�
l


	 
z �

�e


��k

�k	 
z �
�f


�

Every term can be calculated with the above table for the �s�
�a�

R

 
 R�

�



 �D
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Adding all parts of R

 from �a� to �f� gives
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�
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�
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�
�
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�

�

r
r
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�
� #a

a
a #ar� � �

�t

�
a #ar�

�� �

�r

��r���Kr��
�


 �r� �� #a� � a�a� �K
�
�

In the same fashion we �nd the other R��s� The result is

Rtt 
 �
�a

a

Rrr 
 � �

��Kr�

�
� #a� � a�a� �K

�
R

 
 �r� �� #a� � a�a� �K

�
R�� 
 �r� sin� � �� #a� � a�a � �K

�
�

The Ricci Scalar is built from these quantities�

R 
 R�
� 
 g��R�� �����


 gttRtt � grrRrr � g

R

 � g��R��


 ���a
a
� ��Kr�

a�
a�a� �#a� � �K

��Kr�
� �

a�r�
r�
�
a�a� �#a� � �K

�
� �

r� sin� �
r� sin� �

�
a�a� �#a� � �K

�

 ��

�
�a

a
�

#a�

a�
�
K

a�

�
�

A�	 Calculation Of Einstein Tensor

Writing out ���	�� the aim to calculate the left side of Einstein�s equations
����� means to calculate

Gtt 
 Rtt � �

�
gttR

Grr 
 Rrr � �

�
grrR

G

 
 R

 � �

�
g

R

G�� 
 R�� � �

�
g��R
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with the R��s and R listed at the end of the previous section� Thus� we get

Gtt 
 Rtt � �

�
gttR


 �
�a

a
� �

�

�
�
�a

a
� �

#a�

a�
� �

K

a�

�
Grr 
 Rrr � �

�
grrR


 �
�
� #a� � a�a� �K

�
��Kr�

�
�

�

a�

��Kr�

�
�
�a

a
� �

#a�

a�
� �

K

a�

�
G

 
 R

 � �

�
g

R


 �r� �� #a� � a�a � �K
�
�

�

�
a�r�

�
�
�a

a
� �

#a�

a�
� �

K

a�

�
G�� 
 R�� � �

�
g��R


 �r� sin� � �� #a� � a�a� �K
�
�

�

�
a�r� sin� �

�
�
�a

a
� �

#a�

a�
� �

K

a�

�
�

and this leads to the result

Gtt 
 ��
��

#a

a

��

�
K

a�

�
�����

Grr 

�

��Kr�

�
��aa� #a� �K

�
���	�

G

 
 r�
�
��aa� #a� �K

�
�����

G�� 
 r� sin� �
�
��aa � #a� �K

�
� ��	
�

But this is not Einstein�s equations yet� it is only the Einstein tensor�
We still have to calculate the right side of ������ Fortunately� this is rather
easy compared to calculating the left side�

A�� Einstein�s Equations Completed

Taking for granted that

T�� 
 �u�u� � P ���� � u�u�� ��	��

is the stress�energy tensor describing a continuous distribution of matter
called a perfect �uid��� we start by remarking that this tensor is written
with the Minkowski metric

��� 


����
�� 
 
 


 � 
 


 
 � 


 
 
 �

���� ��	��

������ chapter ����
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which is di�erent from the Robertson�Walker metric ����� we were using to
calculate the left side of Einstein�s equations� At �rst glance� this means
we have to transform either side of Einstein�s equations to �nd the right
expressions in the same metric�

But raising an index on both sides of Einstein�s equation makes it inde�
pendent of the metric used� since all metric�dependend factors in either G��

or T�� divide out�

G�� 
 	�T��

� g��G�� 
 	�g�� T��	
z�
g��


 	���� T��	
z�
���

� G�
� 
 	�T�

� ��	��

This means we can calculate the left side in the Robertson�Walker metric
and the right side with the Minkowski metric and afterwards raise the �rst
index to render the result metric�independent�

Since our results are coordinate�independent� we can calculate T�� in the
inertial system at rest� where the velocity vector is

u� 
 ��� 
� 
� 
� ��	��

in components� Thus� according to ��	��� ��	�� and ��	���

T�� 
 �u�u� � P ���� � u�u��


 �� P ��� � �� 
 �

T�� 
 �u�u� � P ���� � u�u��


 P �� � 
� 
 P 
 T�� 
 T���

where we used the indices �
� �� �� ��� to distinguish results in the ��� metric
from results in the Robertson�Walker metric� The stress�energy tensor for
a perfect �uid looks like

T�� 


����
� 
 
 


 P 
 


 
 P 


 
 
 P

���� � ��	��

We now see the metric�independent result for Einstein�s equations with
��	��� ������ ����� and the above values for T�� �

gttGtt 
 Gt
t 
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��
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�
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a�

�

 �	�� 
 T �

� 
 ���T��

grrGrr 
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B Notation

� We always use Einstein�s summation convention for tensors�Pn
k
�A

ijk

kl
�
 A

ijk

kl
� and

Pn
k
�B

k
k �
 Bk

k

� We write �
�xi

simply as �i�

� Latin letters refer to conceptual ideas of tensors while greek letters
indicate components� Often� latin and greek letters can be used ex�
changeably� but often it makes things a lot easier to see�

� We mark derivations by time with a dot� �a
�t

�
 #a�

� Quantities and objects that live on the tangent spaces of the �s de�ned
in ��� are marked with a bar� like  � or  ei�

� The Kronecker delta is used very often�

�ij �


�
� if i 
 j


 else

Note that �ii means to sum over all i� often the sum over the three
space indices from the ��� split� In this context� �ii 
 ��

� We denote rirj by jij and rirj by jij �

� � without indices denotes perturbed quantities� e�g� �g is the perturbed
metric corresponding to g�
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